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Abstract
We derive a stochastic nonlinear continuum equation to describe the morphological evolution of amorphous surfaces eroded by ion bombardment. Starting from SigmundÕs theory of sputter erosion, we calculate the coeﬃcients
appearing in the continuum equation in terms of the physical parameters characterizing the sputtering process. We
analyze the morphological features predicted by the continuum theory, comparing them with the experimentally reported morphologies. We show that for short time scales, where the eﬀect of nonlinear terms is negligible, the continuum theory predicts ripple formation. We demonstrate that in addition to relaxation by thermal surface diﬀusion, the
sputtering process can also contribute to the smoothing mechanisms shaping the surface morphology. We explicitly
calculate an eﬀective surface diﬀusion constant characterizing this smoothing eﬀect and show that it is responsible for
the low temperature ripple formation observed in various experiments. At long time scales the nonlinear terms dominate the evolution of the surface morphology. The nonlinear terms lead to the stabilization of the ripple wavelength
and we show that, depending on the experimental parameters, such as angle of incidence and ion energy, diﬀerent
morphologies can be observed: asymptotically, sputter eroded surfaces could undergo kinetic roughening, or can
display novel ordered structures with rotated ripples. Finally, we discuss in detail the existing experimental support for
the proposed theory and uncover novel features of the surface morphology and evolution, that could be directly tested
experimentally.
 2002 Published by Elsevier Science B.V.
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1. Introduction
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Sputtering is the removal of material from the
surface of solids through the impact of energetic
particles [1–3]. It is a widespread experimental
technique, used in a large number of applications with a remarkable level of sophistication. It
is a basic tool in surface analysis, depth proﬁling, sputter cleaning, micromachining and sputter
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deposition. Perhaps the largest community of users
is in the thin ﬁlm and semiconductor fabrication
areas, sputter erosion being routinely used for
etching patterns important to the production of
integrated circuits and device packaging.
To have a better control over this important
tool, we need to understand the eﬀect of the
sputtering process on the surface morphology. In
many cases sputtering is routinely used to smooth
out surface features. On the other hand, some investigations indicate that sputtering can also
roughen the surface. Consequently, sputter erosion
may have diﬀerent eﬀects on the surface, depending on many factors, such as incident ion energy,
mass, angle of incidence, sputtered substrate temperature and material composition. The experimental results on the eﬀect of sputter erosion on
the surface morphology can be classiﬁed in two
main classes. There exists ample experimental evidence that ion sputtering can lead to the development of periodic ripples on the surface [4–27].
Depending on the sputtered substrate and the
sputtering conditions these ripples can be surprisingly straight and ordered. However, a number of
recent investigations [28–36] have provided rather
detailed and convincing experimental evidence
that under certain experimental conditions ion
eroded surfaces become rough and the roughness
follows the predictions of various scaling theories
[37]. Moreover, these investigations did not ﬁnd
any evidence of ripple formation on the surface.
Up to recently these two morphological features
were treated separately and no uniﬁed theoretical
framework describing these morphologies was
available.
The ﬁrst widely accepted theoretical approach
describing the process of ripple formation on
amorphous substrates was developed by Bradley
and Harper (BH) [38]. This theory is rather successful in predicting the ripple wavelength and
orientation in agreement with numerous experimental observations. However, a number of experimental results have systematically eluded this
theory. For example, the BH theory predicts an
unlimited exponential increase in ripple amplitude
in contrast with the observed saturation of the
surface width. Similarly, it cannot account for
surface roughening, or for ripple orientations dif-

ferent from those deﬁned by the incoming ion
direction or perpendicular to it. Finally, recent
experiments [12,13] have observed ripples whose
wavelength is independent of the substrate temperature, and linear in the ion energy, in contrast
with the BH prediction of a ripple wavelength
which depends exponentially on temperature and
decreases with ion energy.
In the light of the accumulated experimental
results, it is clear that a theory going beyond the
BH approach is required, motivating the results
described in this paper. Thus here we investigate
the morphology of ion-sputtered amorphous surfaces aiming to describe in an uniﬁed framework
the dynamic and scaling behavior of the experimentally observed surface morphologies. For this
we derive a nonlinear theory that describes the
time evolution of the surface morphology. At
short time scales the nonlinear theory predicts the
development of a periodic ripple structure, while at
large time scales the surface morphology may be
either rough or dominated by new ripples, that are
diﬀerent from those existing at short time scales.
We ﬁnd that transitions may take place between
various surface morphologies as the experimental
parameters (e.g. angle of incidence, energy deposition depth) are varied. Usually stochastic equations describing growth and erosion models are
constructed using symmetry arguments and conservation laws. In contrast, here we show that for
sputter eroded surfaces the growth equation can be
derived directly from a microscopic model of the
elementary processes taking place in the system. A
particular case of our theory was presented in [39].
In addition, we show that the presented theory
can be extended to describe low temperature ripple
formation as well. We demonstrate that, under
certain conditions, ion-sputtering can lead to preferential erosion that appears as a surface diﬀusion
term in the equation of motion, even though no
mass transport along the surface takes place in the
system. To distinguish it from ordinary surface
diﬀusion, in the following we refer to this phenomenon as eﬀective smoothing (ES). We calculate
analytically an eﬀective surface diﬀusion constant
accounting for the ES eﬀect, and study its dependence on the ion energy, ﬂux, angle of incidence,
and energy deposition depth. The eﬀect of ES on
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the morphology of ion-sputtered surfaces is summarized in a morphological phase diagram, allowing for direct experimental veriﬁcation of our
predictions. A restricted study along these lines
appeared in [40].
The paper is organized as follows. In Section 2
we review the recent advances in the scaling theory
of rough (self-aﬃne) interfaces. Section 3 is dedicated to a brief overview of the experimental results on surface morphology development under
ion sputtering. A short summary of the theoretical
approaches developed to describe the morphology
of ion sputtered surfaces is presented in Section 4.
This section also contains a short description of
SigmundÕs theory of sputtering, that is the basis
for our calculations. In Section 5 we derive the
nonlinear stochastic equation describing sputter
erosion. Analysis of this equation is presented in
Section 6, discussing separately both the high and
low temperature ripple formation. We compare
the predictions of our theory with experimental
results on surface roughening and ripple formation
in Section 7, followed by Section 8, that summarizes our ﬁndings.

2. Scaling theory
In the last decade we witnessed the development
of an array of theoretical tools and techniques
intended to describe and characterize the roughening of nonequilibrium surfaces and interfaces
[37]. Initiated by advances in the statistical mechanics of various nonequilibrium systems, it has
been observed that the roughness of many natural
surfaces follows rather simple scaling laws, which
can be quantiﬁed using scaling exponents. Since
kinetic roughening is a common feature of ionbombarded surfaces, before we discuss the experimental results on sputtering, we need to introduce
the main quantities characterizing the surface
morphology.
Let us consider a two-dimensional surface that
is characterized by the height function hðx; y; tÞ.
The morphology and dynamics of a rough surface
can be quantiﬁed by the interface width, deﬁned by
the rms ﬂuctuations in the height hðx; y; tÞ,

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 X
wðL; tÞ 
½hðx; y; tÞ  hðtÞ2 ;
L2 x;y¼1;L
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ð1Þ

where L is the linear size of the sample and h is the
mean surface height of the surface
X
hðtÞ  1
hðx; y; tÞ:
L2 x;y¼1;L

ð2Þ

Instead of measuring the roughness of a surface
over the whole sample size L  L, we can choose a
window of size ‘  ‘ and measure the local width,
wð‘Þ. A general property of many rough surfaces is
that the roughness depends on the length scale of
observation. This can be quantiﬁed by plotting
wð‘Þ as a function of ‘. There are two characteristic
regimes one can distinguish:
(i) For length scales smaller than ‘ , the local
width increases as
wð‘Þ

‘a ;

ð3Þ

where a is the roughness exponent. If we are interested in surface phenomena that take place at
length scales shorter than ‘ then we cannot neglect the roughness of the surface. In this regime,
the roughness is not simply a number, but it depends on the length scale accessible to the method
probing the surface.
(ii) For ‘
‘ , wð‘Þ is independent of ‘, thus, at
length scales larger than ‘ , the surface is smooth.
In this regime we can characterize the surface
roughness with the saturation width wsat ¼ wð‘ Þ.
The dynamics of the roughening process can be
best characterized by the time dependent total
width, given by Eq. (1). At early times the total
width increases as wðL; tÞ tb , where b is the
growth exponent. However, for ﬁnite systems, after
a crossover time t , the width saturates, following
the Family–Vicsek scaling function [41],
 t 
wðL; tÞ  tb g z ;
ð4Þ
L
where z ¼ a=b is the dynamic exponent and
gðu
1Þ 1, while gðu
1Þ ub .
Scaling relations such as Eq. (4) allow us to
deﬁne universality classes. The universality class
concept is a product of modern statistical mechanics, and encodes the fact that there are but a
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few essential factors that determine the exponents
characterizing the scaling behavior. Thus diﬀerent
systems, which at ﬁrst sight may appear to have no
connection between them, behave in a remarkably
similar fashion. The values of the exponents a and
b are independent of many ‘‘details’’ of the system,
and they are uniquely deﬁned for a given universality class. In contrast, other quantities, such as ‘
or wsat , are nonuniversal, i.e. they depend on
almost every detail of the system.

3. Experimental results
The morphology of surfaces bombarded by
energetic ions has long fascinated the experimental
community. Lately, with the development of high
resolution observation techniques such as atomic
force and scanning tunneling microscopies, this
problem is living a new life. The various experimental investigations can be classiﬁed into two
main classes. First, early investigations, corroborated by numerous recent studies, have found that
sputter eroded surfaces develop a ripple morphology with a rather characteristic wavelength of
the order of a few micrometers [4–27]. However, a
number of research groups have found no evidence
of ripples, but observed the development of apparently random, rough surfaces [28–36], that were
characterized using scaling theories. In the following we summarize the key experimental observations for both ripple development and kinetic
roughening.
3.1. Ripple formation
The ripple morphology of ion bombarded surfaces has been initially discovered in the mid 1970Õs
[4–6]. Since then, a number of research groups
have provided detailed quantitative results regarding the ripple characteristics and dynamics of
ripple formation. It is beyond the scope of this
paper to oﬀer a comprehensive review of the vast
body of the experimental literature on the subject.
Thus, we selected a few experiments that oﬀer a
representative picture of the experimental features
that appear to be common to diﬀerent materials.

3.1.1. Angle of incidence
An experimental parameter which is rather easy
to change in sputtering is the angle of incidence h
of the incoming ions relative to the normal to the
average surface conﬁguration. Consequently, numerous research groups have investigated the effect of h on the ripples. These results indicate that
ripples appear only for a limited range of incidence
angles, which, depending on materials and ions
involved, typically vary between 30 and 60.
Support for a well deﬁned window in h for
ripple formation was oﬀered by Stevie et al. [7],
who observed abrupt secondary ion yield changes
(correlated with the onset of ripple morphology
development) in experiments on 6 and 8 keV Oþ
2
sputtering of Si and 8, 5.5 and 2.5 keV Oþ
2 sputtering of GaAs at incidence angles between 39
and 52. These results were corroborated by Karen
et al. [8–10], who investigated ripple formation on
GaAs surfaces under bombardment with 10.5 keV
Oþ
2 ions. They found that ripple formation takes
place for angles of incidence between 30 and 60
(see Table 1 of [10]). Similarly, Wittmaack [11]
found that ripple formation occurs at incidence
angles between 32 and 58 during 10 keV Oþ
2 -ion
bombardment of a Si target.
3.1.2. Temperature dependence
Another parameter that has been found to inﬂuence the ripple structure, and, in particular, the
ripple wavelength, is the temperature of the substrate, T. Two diﬀerent behaviors have been documented: exponential dependence of the ripple
wavelength on T has been observed at high temperatures, while the wavelength was found to be
constant at low temperatures.
A series of experiments on the temperature dependence of ripple formation were reported by
MacLaren et al. [12]. They studied InP and GaAs
surfaces bombarded with 17.5 keV Csþ and 5.5
keV Oþ
2 ion beams in the temperature range from
)50 to 200 C. For GaAs bombarded by Csþ ions
the ripple wavelength increased from 0.89 to 2.1
lm as the temperature increased from 0 to 100 C.
Probably the most interesting ﬁnding of their study
was that lowering the temperature, the ripple
wavelength did not go continuously to zero, as one
would expect since the surface diﬀusion constant
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decreases exponentially with temperature (see
Subsection 4.3), but rather at approximately 60 C
it stabilized at a constant value. MacLaren et al.
interpreted this as the emergence of radiation enhanced diﬀusion, that gives a constant (temperature independent) contribution to the diﬀusion
constant. Recently, Umbach et al. [13] have studied the sputter-induced ripple formation on SiO2
surfaces using 0.5–2.0 keV Ar ion beams. The
temperature dependence of the ripple wavelength ‘
was investigated for temperatures ranging from
room temperature to 800 C. It was found that
for high temperatures, T P 400 C, the ripple
wavelength follows the Arrhenius law ð1=T 1=2 Þ
expðDE=2kB T Þ, indicating the thermally activated character of the relaxation processes. However, at low temperatures the ripple wavelength
was independent of temperature, thus indicating
the presence of a temperature independent relaxation mechanism.
Results indicating temperature independent
nondiﬀusive relaxation have been reported for
crystalline materials as well by Carter et al. [14]. In
these experiments Si bombarded with highly energetic 10–40 keV Xeþ -ions led to ripple formation
with wavelength ‘ ’ 0:4 lm for angles of incidence
close to 45. Change in the surface temperature
from 100 to 300 K did not cause the ripple wavelength and orientation changes. This observation
led the authors to conclude that the smoothing
mechanism is not of the thermal origin. They also
found that the ripple wavevector is relatively insensitive to the primary ion energy.

using 0.3, 0.5 and 1 keV Xe ion beams for T ¼ 350
C. For ﬂux values up to 3 lA/cm2 and ﬂuences up
to 6  1016 cm2 , the roughness was observed to
increase as the square of the ﬂux.

3.1.3. Flux and ﬂuence dependence
The eﬀect of the ﬂux on the surface dynamics
was studied by Chason et al. [15,16]. In these experiments a 1 keV Xe ion beam was directed towards a SiO2 sample with an angle of incidence of
55. The typical incoming ﬂux was 1013 cm2 s1
and ﬂuence (the number of incoming atoms per
surface area, playing the role of time) was up to
10  1015 cm2 . The surface was analyzed using
in situ energy dispersive X-ray reﬂectivity and ex
situ AFM. It was found that the interface roughness, which is proportional to the ripple amplitude,
increases linearly with the ﬂuence. Similar experiments were performed on Ge(0 0 1) surfaces [17]

3.1.5. Ripple amplitude
Indirect results on the ripple amplitude were
presented by Vajo et al. [18] in their study of the
surface topography induced secondary ion yield
changes on SiO2 surfaces bombarded by Oþ
2 ions.
The authors have found that the yield changes
exponentially in the ﬁrst stages of ripple development and saturates for large sputtered depth. Direct evidence on ripple amplitude saturation was
obtained by Erlebacher et al. [20], who measured
the time evolution of the ripple amplitude in experiments bombarding Si(1 0 0) surfaces with 0.75
keV Arþ ions. They found that, while at short time
scales the ripple amplitude increases exponentially,

3.1.4. Ion energy
The ripple wavelength dependence on the incident ion energy and the angle of incidence was
reported in [8–10]. The experiments indicate that
the ripple wavelength is linear in the energy, following ‘  cos h. Similar results were obtained in
[18], providing an extensive study of ripple formation by the secondary ion spectrometry and
scanning electron microscopy. The ripple topography was observed during Oþ
2 primary ion
bombardment of a Si(1 0 0) substrate with ion energies ranging between 1.5 and 9 keV. No ripples
were observed for energies less than 1.5 keV or for
high energies, such as 1.5 and 7 keV, when Arþ
primary ions were used. The experiments indicate
that the ripple wavelength increases linearly from
100 to 400 nm when the energy of the primary ion
changes from 1 to 9 keV. Furthermore, the experimental data indicated that the primary ion
penetration depth, a and the ripple wavelength ‘
are related by the empirical relation ‘ ¼ 40a. The
wavelength of the ripples is found to be independent of the primary ion ﬂux and dependent merely
on ﬂuence, i.e. sputtered depth. The recent results
by Umbach et al. [13] provided further strong evidence for the linear relationship between the ion
energy and the ripple wavelength for SiO2 substrates (see below).

190

M.A. Makeev et al. / Nucl. Instr. and Meth. in Phys. Res. B 197 (2002) 185–227

it saturates after a crossover time has been reached.
Furthermore, the experiments indicate that the
crossover time scales with the temperature induced
surface diﬀusion constant.
3.1.6. Surface chemistry and other morphological
features
While a number of attempts have been made to
explain ripple formation based on chemical eﬀects,
such as Oþ
2 variations [18,21,22], most of these
studies were contradicted by subsequent investigations [23] where such chemical component were
not present. Furthermore, in [8–10] it was unambiguously shown that the process of ripple formation is not caused by defects or inherited
irregularities on the surface, but is determined
merely by the primary ion characteristics. These
results indicate that ripple formation is independent of microscopic details and the surface chemistry.
3.1.7. Ripple formation on crystalline and metallic
surfaces
As the discussed experimental results have indicated, ripple formation takes place under a variety of conditions and on surfaces of diﬀerent
materials, including both crystalline and amorphous materials. Despite the fact that SigmundÕs
theory, the basis of all theories of ripple formation,
has been developed for amorphous targets, it is
worth noting that these approaches describe many
features of ripple formation on crystalline surfaces
as well. However, when discussing ripple formation on crystalline materials, we always have to
be aware that additional eﬀects, induced by the
crystalline anisotropy, could be present. An example of ripple development on crystalline materials has been obtained for Ag(1 1 0) surfaces under
low energy ( P 800 eV) Arþ primary beam bombardment by Rusponi et al. [24]. Ripples with
, oriented
wavelength of approximately 600 A
along the h1 1 0i crystallographic direction, appeared in a temperature range 270 K 6 T 6 320
K at normal ion incidence. The ripple structure was
found to be unstable at room temperature, i.e.
substantial smoothing of the surface with time
takes place. The structure depends on the ion ﬂux
and ion energy. Similar results are available for

ion-sputtered Cu(1 1 0) monocrystals using a 1 keV
Arþ ion beam [25]. For normal incidence a well
deﬁned ripple structure was observed, with wave
vectors whose direction changes from h0 0 1i to
h1 1 0i as the temperature of the substrate is raised.
Oﬀ-normal sputtering generated ripples whose
orientation depends both on the ion direction and
the surface orientation. The authors suggested that
this phenomenon can be explained in terms of
anisotropic surface diﬀusion.
3.1.8. Summary
As the presented results indicate, ripple formation on ion-sputtered surfaces has been observed
by many groups in various systems (for a partial
summary see Table 1).
The main experimental results, common to most
studied materials, can be summarized as follows:
• Oﬀ-normal ion bombardment often produces
periodically modulated structures (ripples) on
the surfaces of amorphous and crystalline materials. The wavelength of the ripples ‘ is usually
of the order of tenths of micrometers.
• For nonmetallic substrates, the orientation of
the ripples depends on the angle of incidence h, and, in most cases, is either parallel
or perpendicular to the direction of the incoming ions.
• At low temperatures the ripple wavelength is independent of T, while it follows the Arrhenius
law ‘ ð1=T 1=2 Þ expðDE=kB T Þ at higher temperatures.
• Numerous experiments ﬁnd that the ripple
wavelength is proportional to the ion range,
and thus to the ion energy for intermediate energies.
• The ripple wavelength in many cases is independent of the ion ﬂux, but systematic ﬂux dependence has also been reported.
• The amplitude of the periodic modulations
grows exponentially for early times, but saturates after a typical crossover time has been
reached. In many instances, the ripple wavelength ‘ is found to be independent of time.
• Evidence for ripple formation was obtained for
diﬀerent materials and diﬀerent primary ions,
suggesting that the mechanism responsible for
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Table 1
Summary of the ripple characteristics reported in sputter erosion experiments of nonmetallic substrates
Material

Ion type

Angle of incidence (deg)

Ion energy (keV)

Ripple wavelength (lm)

Ref.

GaAs(1 0 0)
GaAs(1 0 0)
GaAs(1 0 0)
GaAs(1 0 0)
GaAs(1 0 0)
GaAs(1 0 0)
GaAs(1 0 0)
GaAs
GaAs
Ge(0 0 1)
Si(0 0 1)
Si(0 0 1)
Si(1 0 0)
Si(1 0 0)
Si(1 0 0)
Si(1 0 0)
Si(1 0 0)
Si
Si
SiO2
SiO2

Oþ
2
Oþ
2
Oþ
2
Oþ
2
Oþ
2
Oþ
2
Oþ
2
Oþ
2
Oþ
2
þ

39
42
37
42
39
37
57
40
40
55
41
42
39
40
40
40
67.5
45
37
45
55

8
5.5
10.5
5.5
8.0
10.5
13
3.0
7.0
1
6
5.5
8
3
5
9
0.75
40
12.5
0.5–2
1

0.2
0.1
0.23
0.13
0.21
0.27
0.33
0.075
0.130
0.2
0.4
0.5
0.5
0.198
0.302
0.408
0.57
0.4
0.35
0.2–0.55
0.03

[7]
[7]
[9]
[10]
[10]
[10]
[10]
[26]
[26]
[15]
[7]
[7]
[7]
[18]
[18]
[18]
[19]
[14]
[21]
[13]
[16]

Xe
Oþ
2
Oþ
2
Oþ
2
Oþ
2
Oþ
2
Oþ
2
Arþ
Xeþ
Oþ
2
Arþ
Xeþ

In all cases shown, the ripple wave vector is parallel to the ion beam direction. Note that a number of experiments have obtained
indirect information on ripple formation from secondary ion yield changes. These have not been included in the table.

ripple formation is largely independent of surface chemistry, chemical reactions on the surface, or defects.
3.2. Kinetic roughening
Motivated by the advances in characterizing the
morphology of rough surfaces, recently a number
of experimental studies have focused on the scaling
properties of surfaces eroded by ion bombardment
[28–36]. These experiments have demonstrated
that, under certain ion bombardment conditions,
ripples do not form, and the surface undergoes
kinetic roughening. The goal of the present section is to review the pertinent experimental results, aiming to summarize the key features that a
comprehensive theory should address.
3.2.1. Surface roughness and dynamical exponents
In the experiments of Eklund et al. [28,29]
pyrolytic graphite was bombarded by 5 keV Ar
ions, at an angle of incidence of 60. The experiments were carried out for two ﬂux values,

6:9  1013 and 3:5  1014 ions s1 cm2 , the total
ﬂuences being 1016 , 1017 and 1018 ions cm2 . STM
micrographs indicated that large scale features
develop with continuous bombardment, the interface becoming highly correlated and rough. The
scaling properties have also been probed using the
Fourier transform of the height–height correlation
function, obtaining a dynamic exponent z in the
range 1.6–1.8, and a roughness exponent in the
range 0.2–0.4. These exponents are consistent with
the predictions of the continuum theory, describing kinetic roughening, proposed by Kardar, Parisi
and Zhang (KPZ) [42], that predicts z ’ 1:6 and
a ’ 0:38 (see Subsection 4.1.1).
A somewhat larger roughness exponent has
been measured for samples of iron bombarded
with 5 keV Ar ions at an angle of incidence of 25
[30]. The interface morphology was observed using
STM, and the height–height correlation function
indicated a roughness exponent a ¼ 0:53  0:02
[30]. The mechanism leading to such a roughness exponent is not yet understood in terms of
continuum theories, since for two dimensional
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surfaces the existing continuum theories predict a
values of 0.38, 2/3 and 1 [37], far from the observed
roughness exponent.
Anomalous dynamic-scaling behavior of sputtered surfaces was reported by Yang et al. [31]. The
experiments performed on Si(1 1 1) surfaces with
0.5 keV Arþ ions with ﬂux 0.2 lA/mm2 in a wide
range of substrate temperatures have provided
evidence of scaling behavior in the limit of small
distances r. The height–height correlation function
has been found to follow CðrÞ ¼ hðhðr0 Þ  hðr þ
2
r0 ÞÞ i r2a log t, with a ’ 1:15  0:08 for temperatures lower than 530 C. No roughening was
observed for higher temperatures, demonstrating
the temperature dependence of kinetic roughening.

scaling regimes in ion bombardment of Ge(0 0 1)
surfaces with 1 keV Xe ions was observed at
Tc ¼ 488 K. The regimes above and below Tc
are characterized by dynamic scaling exponents b
with values 0.4 and 0.1, respectively. The surface
roughness of Si(1 1 1) during low-energy (500 eV)
ion bombardment at T ¼ 610 K was studied in [34]
using STM. It was found that the rough morphology is consistent with the early time behavior
of the noisy Kuramoto–Sivashinsky (KS) equation
(see Subsection 4.1.3). The measured roughness
exponent was a ¼ 0:7 and the dynamic exponent
was b ¼ 0:25.
3.2.3. Low energy ion bombardment
Recently a number of experiments and simulations have focused on low energy ion bombardment (i.e. at energies 50–500 eV), for which the
secondary ion yields are smaller than one [43–49].
In this systems, the eﬀect of the ions is limited to
the surface of the material, the collective eﬀect
created by the collision cascade being less relevant.
Often, such low energy sputtering leads to layerby-layer erosion, almost mirroring layer-by-layer
growth phenomena. The eﬀect of vacancy diﬀusion
and Schwoebel barriers can be considered to be
well studied in these systems, that include Ge(0 0 1)
surface etching, by 240 eV Xe ions [43,46] and
Si(1 1 1) surfaces etched by 100 eV Ar ions [47]. In
the absence of the collision cascade, ripple formation and kinetic roughening seen at higher energies, the subject of this paper, do not appear.
Various experimental results on ion-bombardment induced surface roughening are summarized
in Table 2. These experiments demonstrate that

3.2.2. Temperature dependence
The eﬀect of surface relaxation due to surface
diﬀusion on roughening of GaAs(1 1 0) surfaces
eroded by 2 keV Arþ and Xeþ was reported by
Wang et al. [32]. They found that both the height–
height correlation function and the small scale
roughness increase signiﬁcantly faster during erosion at higher temperatures than at lower ones.
The surface width in these experiments increased
with b ¼ 0:3 at T ¼ 725 K and there was no evidence of scaling for lower temperatures, such as
T ¼ 625 K. The roughness exponent has been determined as a ¼ 0:38  0:03. In general, [31] concludes that on large scales the surfaces are rougher
at higher temperatures, contrary to the expectation
of smaller roughness due to increased relaxation
by surface diﬀusion. Similar conclusions on the
temperature dependence of the scaling properties
were drawn in [33]. A sharp transition between

Table 2
Summary of the scaling exponents, characterizing the surface morphology, reported in various experiments on sputter eroded surfaces
Surface material

Ion type

Ion energy (keV)

Angle of incidence
(deg)

a

b

Ref.

Graphite
Iron
Si(1 1 1)
Si(1 1 1)
GaAs(1 1 0)
Ge(0 0 1)
Ni, Cr, Cu

Arþ
Arþ
Ar
Arþ
Arþ
Xe
Arþ

5
5
0.5
0.5
2
1
1

60
25
0
0
0
30
86

0.2–0.4
0.53
1.15a
0.7
0.38(3)
–
0.49

2.5–2.9
–
–
0.25
0.3
0.1, 0.4
–

[28]
[30]
[31]
[34]
[32]
[33]
[36]

a

Anomalous logarithmic scaling was reported in this experiment.
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kinetic roughening is one of the major experimental morphologies generated by ion bombardment. However, as Table 2 indicates, there is a
considerable scattering in the scaling exponents.
This scattering is not too disturbing at this point:
accurate determination of the scaling exponents
from experimental data is rather diﬃcult, since
often the scaling regime is masked by strong
crossover eﬀects. As we demonstrate later, due to
the separation of the linear and nonlinear regimes,
such crossovers are, indeed, expected in sputter
erosion. Thus the main conclusion we would like
to extract from this section is that numerous experiments do observe kinetic roughening, and ﬁnd
that scaling concepts can successfully characterize
the surface morphology. It will be a major aim of
the theory proposed here to account for the origin
of kinetic roughening and predict the scaling exponents.

4. Theoretical approaches
The recent theoretical studies focusing on the
characterization of various surface morphologies
and their time evolution have revolutionized our
understanding of growth and erosion phenomena
(for reviews, see [37]). The physical understanding
of the processes associated with interface roughening require the use of the modern concepts
of fractal geometry, universality and scaling. In
Subsection 4.1 we review the major theoretical
contributions to this area, necessary to describe
the morphology of ion-eroded surfaces. In Subsections 4.2–4.5, we then review the available theoretical approaches (whether through continuum
equations or by the use of discrete atomistic
models) that speciﬁcally describe surfaces eroded
by ion bombardment, emphasizing the procedures
which allow to describe within a continuum approach some of the relevant physical processes
taking place at the surface, such as surface diﬀusion and beam ﬂuctuations.

193

havior of the growth process, which is valid in the
long time and large length scale limits. These limits
are often beyond the experimentally or practically
interesting time and length scales. A notable exception is sputter erosion, where both the short
time ripple development and the asymptotic kinetic roughening have been observed experimentally. Consequently, next we discuss separately the
continuum theories needed to understand sputter
erosion.
4.1.1. Kardar–Parisi–Zhang equation
The time evolution of a nonequilibrium interface can be described by the Kardar–Parisi–Zhang
(KPZ) equation [42],
oh
k
¼ mr2 h þ ðrhÞ2 þ g:
ot
2

ð5Þ

The ﬁrst term on the rhs describes the relaxation of
the interface due to the surface tension (m is here
a positive constant) and the second is a generic
nonlinear term incorporating lateral growth or
erosion. The noise, gðx; y; tÞ, reﬂects the random
ﬂuctuations in the growth process and is a set of
uncorrelated random numbers with zero conﬁgurational average. For one dimensional interfaces
the scaling exponents of the KPZ equation are
known exactly, as a ¼ 1=2, b ¼ 1=3 and z ¼ 3=2.
However, for higher dimensions they are known
only from numerical simulations. For the physically most relevant two dimensional surfaces we
have a ’ 0:38 and b ’ 0:25 [50].
If k ¼ 0 in Eq. (5), the remaining equation describes the equilibrium ﬂuctuations of an interface
which tries to minimize its area under the inﬂuence
of the external noise. This equation, ﬁrst introduced by Edwards and Wilkinson (EW) [51], can
be solved exactly due to its linear character, giving the scaling exponents a ¼ ð2  dÞ=2 and b ¼
ð2  dÞ=4. For two dimensional interfaces (d ¼ 2),
we have a ¼ b ¼ 0, meaning logarithmic roughening of the interface, i.e. wðLÞ log L for saturated interfaces, and wðtÞ log t for early times.

4.1. Continuum theories of kinetic roughening
The full strength of the continuum theories
comes from the prediction of the asymptotic be-

4.1.2. Anisotropic KPZ equation
The presence of anisotropy along the substrate
may drastically change the scaling properties of
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the KPZ equation. As a physical example, consider
an ion bombarded surface, where the ions arrive
under oblique incidence in the x–h plane. As a
result, the x and y directions along the substrate
will not be equivalent. This anisotropy is expected
to appear in the erosion equation, leading to an
anisotropic equation of the form (d ¼ 2)
oh
kx
ky
¼ mx o2x h þ my o2y h þ ðox hÞ2 þ ðoy hÞ2
ot
2
2
þ gðx; y; tÞ;

ð6Þ

where ox h  oh=ox and oy h  oh=oy. The anisotropy leads to surface tension and nonlinear terms
that are diﬀerent in the two directions, which have
been incorporated in the growth equation by
considering diﬀerent values for the coeﬃcients m
and k (in Eq. (6), mx and my are positive constants).
Eq. (6) is called the anisotropic KPZ (AKPZ)
equation. It was introduced by Villain [52], and its
nontrivial properties were studied by Wolf [53]. 1
We note that if mx ¼ my and kx ¼ ky , Eq. (6) reduces
to the KPZ Eq. (5). The AKPZ equation has different scaling properties depending on the signs of
the coeﬃcients kx and ky . When kx  ky < 0, a surface described by the AKPZ equation has the same
scaling properties as the EW equation. However,
when kx  ky > 0 the scaling properties are described by the isotropic KPZ Eq. (5). Thus,
changing the sign of kx or ky can induce morphological phase transitions from power law scaling
ðw tb ; wðLÞ La Þ to logarithmic scaling ðw
log t; wðLÞ log LÞ.
4.1.3. Kuramoto–Sivashinsky equation
The Kuramoto–Sivashinsky (KS) equation,
originally proposed to describe chemical waves
and ﬂame fronts [55], is a deterministic equation of
the form
oh
k
2
¼ jmjr2 h  Kr4 h þ ðrhÞ :
ot
2

ð7Þ

1
The relevance of the AKPZ equation for ion-sputtered
surfaces was ﬁrst pointed out by [54]. Note, however, that the
AKPZ equation does not have any instability and thus is unable
to predict the observed ripple structure.

While it is deterministic, its unstable and highly
nonlinear character gives rise to chaotic solutions.
The analysis of the KS equation for one dimensional surfaces shows [56–62] that in the limit of
long time and length scales, the surface described
by the KS equation is similar to that described
by the KPZ equation, i.e. obeys self-aﬃne scaling
with exponents z ¼ 3=2 and b ¼ 1=3. The short
time scale solution of KS equation reveals an
unstable pattern-forming behavior, with a morphology reminiscent of ripples [56]. For two dimensional surfaces, however, the results are not
clear. Computer simulations are somewhat contradictory, providing evidence for both EW and
KPZ scaling [63,64].
The anisotropic KS equation was studied in
[65], indicating that for some parameter values
the nonlinearities cancel each other, and lead to
unstable modes dominating the asymptotic morphology. At early times the surface displays a
chaotic pattern, with stable domains that nucleate
and grow linearly in time until ripple domains of
two diﬀerent orientations are formed. The pattern
of domains of perpendicularly oriented ripples
coarsen with time until one orientation takes over
the system.
There are various physical systems, including
ion sputtering, in which the relevant equation for
the surface height is a noisy version of the KS
Eq. (7) [66,67]. Dynamical renormalization group
analysis [68] for the surface dimensions d ¼ 1 and
2 indicate that the large distance and long time
behavior of such noisy generalization of Eq. (7) is
the same as that of the KPZ equation, the d ¼ 2
result being only quantitative.
4.2. Bradley and Harper theory of ripple formation
A rather successful theoretical model, capturing
many features of ripple formation, was developed
by Bradley and Harper (BH) [38]. They used SigmundÕs theory of sputtering [69,70] (see Subsection
4.5) to relate the sputter yield to the energy deposited onto the surface by the incoming ions. This
work has demonstrated for the ﬁrst time that the
yield variation with the local surface curvature
induces an instability, which leads to the formation of periodically modulated structures. This
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instability is caused by the diﬀerent erosion rates
for troughs and crests, the former being eroded
faster than the latter (see Fig. 1). Consequently,
any surface perturbation increases exponentially
in time. Viewing the surface proﬁle as a smooth
analytical function of coordinates, BH assumed
that the surface can be locally approximated by a
quadratic form. Due to the erosion mechanism,
described in Fig. 1, the erosion rate depends on the
local curvature. Combining the curvature dependent erosion velocity with the surface smoothing
mechanism due to surface diﬀusion (see [71,72]
and Section 4.3), BH derived a linear equation for
surface morphology evolution,
oh
¼ vðhÞ þ mx ðhÞo2x h þ my ðhÞo2y h  Kr4 h:
ot

ð8Þ

Here mx ðhÞ, my ðhÞ are the eﬀective surface tensions
generated by the erosion process, dependent on the
angle of incidence of the ions, h, K is the relaxation
rate due to surface diﬀusion (K ¼ ðDs cX2 n=kB T Þ

Fig. 1. Schematic illustration of the physical origin of the instability during ion erosion of nonplanar surfaces. A surface
element with convex geometry (a) is eroded faster than that
with a concave geometry (b), due to the smaller distances (solid
lines) the energy has to travel from the impact point to the
surface (A or A0 points).
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exp fDE=kB T g, where DE is the activation energy
for surface diﬀusion, c is the surface free energy
per unit area, T is temperature, Ds is the surface
diﬀusion constant, X is the atomic volume and n
is the number of molecules per unit area on the
surface). The physical instability, illustrated in Fig.
1, leads to the negative signs of the mx , my coeﬃcients in Eq. (8).
Eq. (8) is linearly unstable, with a Fourier mode
kc whose amplitude exponentially dominates all
the others. This mode is observed as the periodic
ripple structure. Using linear stability analysis, BH
derived from Eq. (8) the ripple wavelength as
sﬃﬃﬃﬃﬃﬃ


2K
DE
1=2
‘c ¼ 2p=kc ¼ 2p
ðJT Þ
exp
;
jmj
kB T
ð9Þ
where m is the largest in absolute value of the two
negative surface tension coeﬃcients, mx and my and
J is the ion ﬂux. The calculation also predicts that
the ripple direction is a function of the angle of
incidence: for small h the ripples are parallel to the
ion direction, while for large h they are perpendicular to it. As subsequent experiments have
demonstrated [15,18], the BH model predicts well
the ripple wavelength and orientation. On the
other hand, the BH Eq. (8) is linear, predicting
unbounded exponential growth of the ripple amplitude, thus it cannot account for the stabilization
of the ripples and for kinetic roughening, both
phenomena being strongly supported by experiments (see Subsections 3.1 and 3.2). Furthermore,
the BH model cannot account for low temperature
ripple formation since the only smoothing mechanism it considers is of thermal origin. At low
temperatures the ion energy and ﬂux dependence
of the ripple wavelength also disagree with the BH
predictions. Despite these shortcomings, the BH
theory represents a major step in understanding
the mechanism of surface evolution in ion sputtering since, for the ﬁrst time, it uncovered the
origin of the ion induced surface instability. Recently a generalization of BH linear theory has
been successfully introduced [73] to account for
the thermally activated anisotropic surface diffusion present in metallic substrates such as
Cu(1 1 0).
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4.3. Surface diﬀusion and deposition noise
At high temperatures surface diﬀusion and
ﬂuctuations in the ion beam ﬂux are relevant physical mechanisms taking place on the surface. 2
In this section, we discuss the standard approach
to include these phenomena in continuum models.
Let us consider the simplest scenario: atoms are
deposited on a surface, whereupon they diﬀuse. If
we assume that surface diﬀusion is the only relaxation mechanism present, the height h obeys a
continuity equation of the form
oh
þ r~  j ¼ 0;
ot

ð10Þ

where j is a surface current density tangent to the
surface and r~ is calculated in the coordinate frame
with axes parallel to the surface [75]. In general, j is
given by the gradient of a chemical potential l,
dF½h
j / r~lðr; tÞ  r~2
;
dh

ð11Þ

where l minimizes the free energy functional of the
surface F½h and r~2 is the surface Laplacian or the
Laplace–Beltrami operator. Taking the former to
be proportional to the total surface area
Z
pﬃﬃﬃ
F½h ¼ dr g;
ð12Þ
with g as deﬁned in Appendix A, and neglecting
third or higher powers of derivatives of h, one
arrives [72] at
oh
¼ Kr2 ðr2 hÞ  Kr4 h;
ot

ð13Þ

2
Another prominent smoothing mechanism is viscous
relaxation, which in amorphous materials is fully determined
by the mobility of defects. This mechanism has been studied in
the context of ripple formation by Chason et al. [16], showing
that it reduces the amplitude of the high frequency perturbations to the extent that a large viscous relaxation rate may even
suppress the ripple structure altogether. In the absence of a
clear understanding of the structure and dynamics of radiation
induced defects, at this point it is not possible to fully quantify
the eﬀect of viscous relaxation [16]. Related relaxation mechanisms have been proposed, based on defect motion and
recombination [74a], defect creation [74b], or surface viscous
ﬂow [74c].

where K is a positive constant. Eq. (13) is the socalled linear MBE equation [37]. For an amorphous solid in equilibrium with its vapor Eq. (13)
was obtained in [71,72], together with the expression for the coeﬃcient K as in Eq. (8).
In addition to the deterministic processes, there
is considerable randomness in sputter erosion due
to ﬂuctuations in the intensity of the ion beam.
The ion ﬂux is deﬁned as the number of particles
arriving on the unit surface (or per lattice site) in
unit time. At large length scales the beam ﬂux is
homogeneous with an average intensity J, but
there are local random ﬂuctuations, gðx; tÞ 
dJ ðx; tÞ, uncorrelated in space and time. We can
include ﬂuctuations in Eq. (13) by considering the
ion ﬂux to be the sum of the average ﬂux J and the
noise g, which has zero average,
hgðx; tÞi ¼ 0

ð14Þ

and is uncorrelated,
hgðx; tÞgðx0 ; t0 Þi ¼ J dðx  x0 Þdðt  t0 Þ;

ð15Þ

where we have assumed a Poisson distribution
for the shot noise. Consequently, the stochastic
growth equation describing surface diﬀusion and
ﬂuctuations in an erosion process has the form:
oh
¼ Kr4 h  J þ gðx; tÞ:
ot

ð16Þ

This variant of Eq. (13) was introduced independently by Wolf and Villain [76], and by Das Sarma
and Tamborenea [77], and played a leading role in
developing our understanding of MBE. We will
use the methods leading to Eq. (16) to incorporate
the smoothing by surface diﬀusion in our model
of ion erosion. Note, however, that, as numerous
experimental studies [78–83] indicate, ion bombardment leads to an enhancement of the surface
adatom mobility and thus may drastically change
the relaxation mechanism, as compared to regular
surface diﬀusion.
4.4. Microscopic models of ripple formation and
roughening
Computer simulations provide an invaluable
insight into microscopic processes taking place in
physical systems. Consequently, a number of re-
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cent studies have focused on modeling ripple formation at the microscopic level. These studies have
proven useful in resolving issues related to the low
temperature ripple formation and provided important ideas regarding the physical mechanism
governing ripple formation [84–93]. Here, we
shortly discuss the conclusions reached in some of
the most representative numerical works.
Monte Carlo simulations of sputter-induced
roughening were reported by Koponen et al. [85–
90]. Roughening of amorphous carbon surfaces
bombarded by 5 keV Arþ ions was studied in [85–
87] for incidence angles between 0 and 60. It
was found that ion bombardment induces selfaﬃne topography on the submicrometer scale, the
roughness exponent being a ’ 0:25–0:47, depending on the angle of incidence [86,87]. The growth
exponent b was found to be strongly dependent
on the relaxation mechanism used and changed
from b ’ 0:3, in the model without relaxation, to
b ’ 0:2–0:14, when diﬀerent relaxation rules were
used in the simulations. At the same time the
roughness exponent a was found to be relatively
insensitive to the relaxation process on the nanometer scales. Analogous results were obtained
for C ions [89]. In this reference, the ripple wavelength was found to be relatively independent of
the ion energy and of the magnitude of surface
diﬀusion. Ripple formation was observed even
at zero temperature, when surface diﬀusion was
switched oﬀ, indicating the presence of ion induced
smoothing. Furthermore, these simulations led
to the observation of traveling ripples, as predicted by continuum theories (see Subsection
6.1.1). Similarly, for 5 keV Arþ bombardment of
amorphous carbon substrates, the ripple wave
vector is observed [90] to change from parallel to
normal to the beam direction as the incidence
angle is increased, in agreement with BH linear
theory (see Section 4). The ripple structure was
again observed even when no explicit relaxation
mechanism was incorporated in the simulations,
and ripple traveling also occurred. For length
scales comparable to the cascade dimensions, selfaﬃne topography is observed.
A discrete stochastic model was introduced in
[91,92] to study the morphological evolution of
amorphous one dimensional surfaces under ion
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bombardment. This is a solid-on-solid model incorporating the erosion rate dependence of surface curvature, the local slope dependence of the
sputtering yield, and thermally activated surface
diﬀusion. Up to four diﬀerent dynamical regimes
have been identiﬁed. Initially, the surface relaxes
by surface diﬀusion with a growth exponent b ’
0:38, until the onset of the linear BH instability.
The instability induces rapid growth (b > 0:5). In
this regime the local slopes increase rapidly,
which triggers nonlinear eﬀects eventually stabilizing the surface, b taking up the EW value b ’
1=4, which indicates that an eﬀective positive value
of the surface tension has been generated. Finally,
in the asymptotic time limit b reaches the KPZ
value b ’ 1=3. This behavior is consistent with
that displayed by the noisy KS equation [68].
Furthermore, the analytical study [94] using the
master equation approach to interface models [95]
has shown that the noisy KS equation indeed
provides the continuum limit of the discrete stochastic model of [91]. Conversely, the results of the
simulations in [91] support the theoretical conclusions of [68] that the asymptotic behavior of the
noisy KS equation is the same as that of the KPZ
equation for one and two dimensional surfaces.
In summary, Monte Carlo simulations of the
sputtering process of amorphous materials have
shown that intermediate and high energy ion
bombardment may lead to ripple formation in a
wide parameter range. Furthermore, ripple formation was observed even at zero temperature.
Computer simulations have also conﬁrmed the
linear dependence of the ripple wavelength on the
incident ion penetration depth and the fact that
ripple formation is a process fully determined by
the incident ion characteristics and not caused by
any defects, irregularities or surface chemistry. The
same simulations have conﬁrmed that, under some
bombarding conditions, the surface is rough, and
obeys scaling.
4.5. Sigmund’s theory of sputtering
The erosion rate of ion bombarded surfaces is
characterized by the sputtering yield, Y, deﬁned as
the average number of atoms leaving the surface of
a solid per incident particle. In order to calculate
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the yield and to predict the surface morphology
generated by ion bombardment, we ﬁrst need to
understand the mechanism of sputtering, resulting
from the interaction of the incident ions and the
substrate [1,3]. In the process of sputtering the
incoming ions penetrate the surface and transfer
their kinetic energy to the atoms of the substrate
by inducing cascades of collisions among the
substrate atoms, or through other processes, such
as electronic excitations. Whereas most of the
sputtered atoms are located at the surface, the
scattering events, that might lead to sputtering,
take place within a certain layer of average depth
a, which is the average energy deposition depth
(usually it is of the order of the incident ion penetration depth). A qualitative picture of the sputtering process is as follows: an incoming ion
penetrates into the bulk of the material and undergoes a series of collisions with the atoms of the
substrate. Some of the atoms undergo secondary
collisions, thereby generating another generation
of recoiling atoms. A vast majority of atoms will
not gain enough energy to leave their lattice positions permanently. However, some of them will
be permanently removed from their sites. The
atoms located in the close vicinity of the surface,
which can gain enough energy to break their
bonds, will be sputtered. Usually the number of
sputtered atoms is orders of magnitude smaller
than the total number of atoms participating in the
collision cascade.
A quantitative description of the process of ion
sputtering was developed by Sigmund [69]. Assuming an amorphous target, Sigmund derived a
set of transport equations describing the energy
transfer during the sputtering process. A practically important result of SigmundÕs theory is the
prediction of the deposited energy distribution:
the ion deposited at a point P inside the bulk of
the material spreads its kinetic energy according
to the Gaussian distribution,
EðrÞ ¼




ð2pÞ3=2 rl2

exp


Z 02 X 02 þ Y 02
 2
:
2r
2l2
ð17Þ

0

In Eq. (17), Z is the distance from point P to point
O measured along the ion trajectory, and X 0 , Y 0 are

Fig. 2. Schematic illustration of the energy distributed by an
incident ion. While the collision process induced by a ion is
rather complex, according to Sigmund it can be reduced to the
following eﬀective process: The ion penetrates the bulk of the
material and stops at point P, where all its kinetic energy is
released and spread out to the neighboring sites following a
Gaussian form with widths r and l.

measured in the plane perpendicular to it (see Fig.
2 and the inset of Fig. 5);  denotes the total energy
carried by the ion and r and l, are the widths of
the distribution in directions parallel and perpendicular to the incoming beam, respectively. Deviations of the energy distribution from Gaussian
(17) occur mainly when M1 > M2 , where M1 is the
mass of the projectile and M2 is the mass of the
target atom. As shown by Sigmund [69,70] and
Winterbon [96], electronic stopping does not aﬀect
much the shape of deposited-energy distribution.
Subsequently, Monte Carlo simulations of the
sputtering process have demonstrated that the
deposited-energy distribution and damage distribution can be well approximated by Gaussian for
intermediate and high energies. In general, comparison of SigmundÕs theory with experimental
results has shown that it describes well the qualitative behavior of the backsputtering yield, and, in
many cases, there is good quantitative agreement
as well [1–3].
A quantity of central importance is the mean
energy deposition depth due to an ion traveling
inside the bulk of the material (see Fig. 2), which is
usually of the order of the penetration depth, has
similar dependence on the incident ion energy, and
is given by
aðÞ ¼

1  m m1 2m
c
;
2m
NCm

ð18Þ
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where N is the target atom density, Cm is a constant dependent on the parameters of the interatomic potential [70] and the exponent m ¼ mðÞ
varies slowly from m ¼ 1 at high energies to m ’ 0
at very low energies. In the region of intermediate
energies, i.e. for  between 10 and 100 keV,
m ’ 1=2 and we can approximate the energy deposition depth as aðÞ .
Eq. (17) describes the eﬀect of a single incident
ion. Actually, the sample is subject to an uniform
ﬂux J of bombarding ions, penetrating the solid at
diﬀerent points simultaneously, such that the erosion velocity at an arbitrary point O depends on
the total power EO contributed by all the ions
deposited within the range of the distribution (17).
If we ignore shadowing eﬀects and redeposition of
the eroded material, the normal erosion velocity at
O is given by
Z
VO ¼ p drUðrÞEðrÞ;
ð19Þ
R

where the integral is taken over the region R of all
points at which the deposited energy contributes to
EO , UðrÞ is a local correction to the uniform ﬂux J
due to variation of the local slopes, and the material constant p depends on the surface binding
energy and scattering cross-section [69,70] as
3
1
p¼ 2
;
ð20Þ
4p NU0 C0
where U0 is the surface binding energy and C0 is a
constant proportional to the square of the eﬀective
radius of the interatomic interaction potential.
While the predictions of SigmundÕs theory have
been checked on many occasions, it also has well
known limitations. Next we list two, that will limit
our theory of the surface morphology as well: (a)
the assumption of random slowing down and arbitrary collisions works satisfactorily only at intermediate and high energies, i.e. when  1–100
keV, but may break down at low energies; (b) the
assumption of a planar surface may inﬂuence the
magnitude of the yield, since surface roughness has
a tendency to increase the yield [97,98].
5. Continuum equation for the surface height
SigmundÕs theory, while oﬀering a detailed description of ion bombardment, is not able to pro-
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vide direct information about the morphology of
ion-sputtered surfaces. While Eq. (19) provides the
erosion velocity, in the present form it cannot
be used to make analytical predictions regarding
the dynamical properties of surface evolution. To
achieve such a predictive power, we have to eliminate the nonlocality contained in the integral (19)
and derive a continuum equation describing the
surface evolution depending only on the local
surface morphology. The main goal of this section
is to provide a detailed derivation of such an
equation starting from Eq. (19). The properties of
the obtained equation will be discussed in the
following sections.
We start by summarizing the main steps that we
follow in the derivation of the equation for the
surface morphology evolution:
(i) Using Eq. (19), we calculate the normal
component of the erosion velocity VO at a generic
point O of the surface. This calculation can be
b ; Yb ; Z
b Þ,
performed in a local frame of reference ð X
b
deﬁned as follows: the Z axis is chosen to be
parallel to the local normal to the surface at point
b axis forms a plane with the trajectory of
O. The Z
an ion penetrating the surface at O. We choose the
b axis to lie in that plane and be perpendicular to
X
b
b; Z
b Þ plane
Z . Finally, Yb is perpendicular to the ð X
and completes the local reference frame, as shown
in Fig. 3.

b ; Yb ; Z
b ). The Z
b
Fig. 3. Illustration the local reference frame ( X
axis is parallel to the local normal to the surface n^. The ions
b axis is in the plane de^ . The X
arrive to the surface along m
b and m
^ , while the Yb axis is perpendicular to this plane.
ﬁned by Z
The laboratory coordinate frame (^
x; y^; h^) has its h^ axis perpen^ deﬁne the ð^
dicular to the ﬂat substrate, h^ and m
x; h^Þ plane and y^
is perpendicular to it. The incidence angle measured in the local
reference frame is u, and h in the laboratory frame.
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(ii) Next we relate the quantities measured in
b ; Yb ; Z
b Þ to those measured in the
the local frame ð X
laboratory frame ð^
x; y^; h^Þ. The latter is deﬁned by
the experimental conﬁguration as follows: h^ is the
direction normal to the uneroded ﬂat surface. The
ion direction together with the h^ axis deﬁne
the ð^
x; h^Þ plane. Finally, the y^ axis is perpendicular
to the ð^
x; h^Þ plane (see Fig. 3 and Appendix A).
Furthermore, we have to take into account the fact
that the local angle of incidence u, which is the
angle between the ion trajectory and the local
normal to the surface, changes from point to point
along the surface. Consequently, u is a function of
the local value of the slope at O (as measured in
the laboratory frame), and the angle h between the
ion trajectory and the normal n^ to the uneroded
surface.
(iii) Finally, to obtain the equation of motion
for the surface proﬁle hðx; y; tÞ, we have to project
the normal component of the velocity of erosion
onto the global h^ axis. The time derivative of
hðx; y; tÞ at any point O on the surface is proportional to the surface erosion velocity VO at that
point and the local normal is deﬁned by the gradient of the surface proﬁle hðx; y; tÞ at O.
Having deﬁned our objectives and outlined the
strategy, we move on to the description of the
calculations. We consider point O to be the origin
b ; Yb ; Z
b Þ. To
of the local system of coordinates ð X
describe the surface proﬁle in a neighborhood of O
we assume that the surface can be described in
terms of a smooth analytical inﬁnitely diﬀerentiable function, i.e. there are no singularities and
overhangs, and thus we can approximate the surface proﬁle at an arbitrary point ðX ; Y ; ZÞ by: 3
ZðX ; Y Þ ’

D20 X 2 D02 Y 2
þ
a
a
4
X
Dnm
X nY m;
þ
mþn1
a
m;n¼0;nþm¼3;4

Dnm ¼

anþm1 onþm ZðX ; Y Þ
:
on X o m Y
n!m!

ð22Þ

Here D20 and D02 are proportional to the principal
curvatures of the surface, i.e. to the inverses of the
principal radii of curvature, RX and RY . It must be
b and Yb (see
noted that, in our approximation, X
Fig. 3) are the two principal directions of the
surface at O, along which the curvatures are extremal. This implies the absence in Eq. (21) of
cross-terms of the type XY , i.e. we neglected the
term o2 ZðX ; Y Þ=oX oY at O.
Due to its exponential nature, the deposited
energy distribution (17) decays very fast and,
consequently, only particles striking the surface
at a point ðX ; Y ; ZÞ such that X =a, Y =a are of
order unity, contribute nonnegligibly to the energy
reaching the surface at O. We further assume that
the surface varies slowly enough so that RX , RY
and the inverses of the higher order derivatives are
much larger than the energy deposition depth a,
i.e. the surface is smooth on length scales close to a
(this fact is supported by nearly all experimental
results). Now we can calculate the various factors
appearing in the integral (19).
To proceed with Eq. (19) we note that, with
respect to local surface orientation, only the normal component of the incident ﬂux contributes to
ion erosion. Fig. 4 illustrates the calculation of the

ð21Þ

where, for later convenience, we introduced the
following notations:
3
It has been recently shown by [99], that incorporation of
terms of higher order than those appearing in Eq. (21) does not
substantially change the qualitative conclusions to be discussed
in 6.1.1 to 6.1.2.

Fig. 4. Illustration of the calculation of the local correction to
the average ﬂux J due to the surface curvature. Points (X ; Y ; Z),
N and L are all on the surface, at small distances from one
another. The angle of incidence u is as computed in the local
coordinate system, as are the coordinates of the ﬁrst point.
Parameters a, l and n are deﬁned in the text.
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normal component of the ﬂux. In the ﬁgure we
consider a point at the surface ðX ; Y ; ZÞ, and two
other points also on the surface, at inﬁnitesimal
distances L and N away from the former. We can
estimate the correction to the average ﬂux J due to
the surface slopes by projecting a square perpendicular to the ion beam with area n  l onto the
surface area element intersected by the ion trajectories. The result is
UðrÞ ’ J

ln
;
LN

ð23Þ

where J is the average ﬂux. From Fig. 4,
Du ¼ tan1

oZ
oX

’

oZ
oX

ð24Þ

and
‘
oZ
¼ cosðu þ DuÞ ’ cos u 
sin u:
ð25Þ
L
oX
On the other hand, we also have (see Fig. 4)
n
1
¼ cos a ’ 1 
N
2

oZ
oY

Fig. 5. Reference frame for the calculation of the erosion velocity at a point O on the surface. Following a straight trajectory (thick solid line) the ion penetrates the surface at point P0
and travels an average distance a inside the solid (dotted line)
after which it completely spreads out its kinetic energy at point
P. The energy released contributes to erosion velocity at O. The
laboratory reference frame (x; y; h) is shown, together with the
angle of incidence as measured in that reference frame, h, and in
the local frame, u. The distances X 0 , Y 0 and Z 0 are deﬁned in the
text. The inset shows a side view for Y 0 ¼ 0.

2

’ 1;

ð26Þ

so that, combining Eqs. (23)–(26) and neglecting
powers of derivatives of the height, we obtain the
correction to the ﬂux
UðrÞ ’ J ðcos u þ ðoX ZÞ sin uÞ:

ð27Þ

Within the same approximation, the surface
element dr in Eq. (19) can be obtained in the local
b ; Yb ; Z
b Þ as
coordinate system ð X
dr ’ dX dY :

ð28Þ

Next we determine the distances X 0 , Y 0 , Z 0 appearing in the exponential distribution (17), evaluating them in the local coordinate system. Using
Fig. 5, we have

the erosion velocity VO . Introducing the dimensionless variables fX ¼ X =a, fY ¼ Y =a and
fZ ¼ Z=a, and extending the integration limits to
inﬁnity, we obtain the following expression for the
erosion velocity in the laboratory coordinate
frame:
VO ¼

pJa2
3=2
rl2 ð2pÞ

Z

1

Z

expða2r =2Þ

1

ofZ
sin u
ofX
1 1
1
 expðf2Y L2 Þ expðfX AÞ exp  B1 f2X
2


dfX dfY

cos u þ

 expð4Df2Z Þ expð2CfX fZ Þ expðB2 fZ Þ;
ð30Þ

X 0 ¼ X cos u þ Z sin u;
Y0 ¼ Y;

ð29Þ

0

Z ¼ a þ X sin u  Z cos u:
Using these expressions, the correction to the ion
ﬂux (27), the deposited energy distribution (17)
and the expression for the surface area element dr
(28), we can calculate the integral (19) providing

where we used the following notations:
A ¼ a2r sin u;

ð31aÞ

B1 ¼ a2r sin2 u þ a2l cos2 u;

ð31bÞ

B2 ¼ a2r cos u;

ð31cÞ
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1
C ¼ ða2l  a2r Þ sin u cos u;
2

ð31dÞ

1
D ¼ ða2l sin2 u þ a2r cos2 uÞ;
8

ð31eÞ

al
L ¼ pﬃﬃﬃ :
2

ð31fÞ

2 1=2

þ ðoy hÞ Þ

It must be noted that Eq. (30) coincides with the
two-dimensional version of the local erosion velocity derived in [38]. Now we use the approximation for the surface proﬁle given by Eq. (21).
Taking a small Dnm (see Eq. (22)) expansion of the
C and B2 coeﬃcients in Eq. (30) and evaluating the
Gaussian integrals over fX and fY , we obtain
VO ¼

pJa2
pﬃﬃﬃﬃﬃﬃ expða2r =2Þ exp
rl 2p

sin u ¼ ðsin2 h þ 2ðox hÞ sin h cos h þ ðox hÞ2 cos2 h



A2
2B1



1
pﬃﬃﬃﬃﬃ
B1

2 1=2

:

ð33bÞ
Thus far, expressions (33a) and (33b) are exact,
and the values of ox h and oy h are already evaluated
in the laboratory frame of reference. To implement
our approximations, in principle we have to separate the cases for normal ðh ¼ 0Þ and oﬀ-normal
ðh 6¼ 0Þ incidence. Nevertheless, it can be shown
that the former case can be obtained as a smooth
limit of the latter. Therefore in the following we
give the expressions pertaining to the oﬀ-normal
incidence and refer the reader to Appendix C for
details on the h ¼ 0 limit. Expanding Eqs. (33a)
and (33b) in powers of the surface height derivatives, we obtain
cos u ’ cos h  ðox hÞ sin h

 ½cos u þ C20 D20 þ C02 D02 þ C30 D30

1
2
2
 ððox hÞ þ ðoy hÞ Þ cos h;
2

þ C21 D21 þ C40 D40 þ C22 D22 þ C04 D04 :
ð32Þ
The expressions for the coeﬃcients Cnm can be
found in Appendix B.
Next we have to rewrite VO in terms of the
laboratory coordinates ðx; y; hÞ, which we perform
in two steps. First, we write the angle u as a
function of h and the slopes of the surface at O as
measured in the laboratory frame. Second, we
perform the transformation between the local and
the laboratory coordinates. For both steps we will
have to make expansions in powers of derivatives
of hðx; y; tÞ. In line with our earlier assumption on
the smoothness of the surface, we will assume that
h varies smoothly enough so that we can neglect
products of derivatives of h for third and higher
orders. In the laboratory frame, the neglect of
overhangs allows us to describe a generic point
at the surface, such as O, with coordinates ðx; y;
^
hðx; yÞÞ. Considering now the unit vectors n^, m
shown in Fig. 3, the angle u is given by
cos h  ðox hÞ sin h
^  n^ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
cos u ¼ m
2
2
1 þ ðox hÞ þ ðoy hÞ

2

ð1 þ ðox hÞ þ ðoy hÞ Þ

ð33aÞ

1
sin u ’ sin h þ ðox hÞ cos h  ðox hÞ2 sin h
2
2
1
cos
h
2
:
þ ðoy hÞ
2
sin h

ð34aÞ

ð34bÞ

Note that these expressions are invariant under the
coordinate transformation y ! y, but not under
x ! x, a consequence of h being nonzero and of
our choice of coordinates. Naturally, the h ! 0
limit restores the symmetry in the x direction.
Having obtained the expressions (34a) and
(34b), we can return to Eq. (32) to calculate the
dependence of VO on the slopes at O. Finally, all
derivatives in (22) have to be expressed in terms of
the laboratory coordinates. This can be accomplished given the relation between the base vecb ; Yb ; Z
b Þ and those of
tors of the local frame ð X
the laboratory frame ð^
x; y^; h^Þ, derived in Appendix
A. If the coordinates of a generic vector r are given
by
b þ Y Yb þ Z Z
b local frame;
r ¼ XX
r ¼ x^
x þ y y^ þ z^z laboratory frame;

ð35Þ

then these quantities are related to each other
through
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0 1
0 1
x
X
@ y A ¼ M@ Y A;
z
Z

ð36Þ

where M is a matrix which has as columns the
b ; Yb ; Z
b Þ set of vectors in terms
components of the ð X
of the ð^
x; y^; ^zÞ (see Appendix A). To obtain the
expression for the erosion velocity, analogous to
(32), in the laboratory frame, we use Eqs. (34a)
and (34b) and M along with the chain rule for
diﬀerentiation, and perform expansions in powers
of derivatives of hðx; y; tÞ. After some algebra we
obtain in the laboratory frame,
onþm h
onþm h
’ n m ;
m
o Y o xo y

on X

ð37Þ

up to fourth order in products of derivatives of
hðx; yÞ. To summarize our results thus far, within
the approximations leading to (32) and neglecting
nonlinearities of cubic and higher orders in derivatives of h in the laboratory frame, we obtained
Eq. (37), providing the relation between the derivatives in the two reference frames, and relations
(34a) and (34b) for the angle of incidence measured in the local frame as a function of the angle
of incidence h and of the surface slopes.
To relate the velocity of erosion VO , which is
normal to the surface at O, to the velocity of
erosion of the surface along the h axis, oh=ot, we
have to project the former onto the latter, obtaining
oh
pﬃﬃﬃ
¼ VO g;
ot

ð38Þ

where the negative sign accounts for the fact that
VO is the rate at which the surface is eroded, i.e. the
average height decreases. Furthermore, taking into
account surface diﬀusion eﬀects, together with the
ﬂuctuations (shot noise) in the ﬂux of the bombarding particles, as discussed in Section 4.3, we
complete (38) by adding these physical eﬀects
oh
pﬃﬃﬃ
¼ VO g  Kr4 h þ gðr; tÞ:
ot

ð39Þ

Finally, we have to write down the contribution of
pﬃﬃﬃ
the VO g term to the evolution Eq. (39). Performing a small slope expansion and using Eqs.
(32), (34a) and (34b), we obtain

oh
oh
oh
¼ v0 þ c þ nx
ot
ox
ox
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o2 h
ox2

oh
o2 h
o2 h
o2 h
þ
m
þ
m
x
y
ox
oy 2
ox2
oy 2
o3 h
o3 h
o4 h
þ X1 3 þ X2
 Dxy 2 2
2
ox
oxoy
ox oy
þ ny

 Dxx
ky
2

þ

o4 h
o4 h
kx
 Dyy 4  Kr4 h þ
4
ox
oy
2
oh
oy

oh
ox

2

2

þ gðx; y; tÞ;

ð40Þ

where the coeﬃcients are given by the following
expressions:
v0 ¼ Fc;
c¼F

ð41Þ

s 2 2 2 2
fa a c ðar  1Þ  a4r s2 g;
f2 r l

mx ¼ Fa

kx ¼ F

a2r
f2a4r s4  a4r a2l s2 c2 þ a2r a2l s2 c2  a4l c4 g;
2f 3
ð43Þ

c
fa8 a2 s4 ð3 þ 2c2 Þ þ 4a6r a4l s2 c4
2f 4 r l
 a4r a6l c4 ð1 þ 2s2 Þ  f 2 ð2a4r s2

my ¼ Fa
ky ¼ F

ð42Þ

 a2r a2l ð1 þ 2s2 ÞÞ  a8r a4l s2 c2  f 4 g;

ð44Þ

c2 a2r
;
2f

ð45Þ

c
fa4 s2 þ a2r a2l c2  a4r a2l c2  f 2 g;
2f 2 r

nx ¼ Fa

ð46Þ

a2r sc
f6s6 a8r þ a8r a2l s4 ð4 þ 3c2 Þ  a8r a4l c2 s2
2f 5

þ a6r a4l c2 s2 ð4  6s2 Þ þ a6r a2l s4 ð3 þ 15s2 Þ
þ a4r a4l 3c2 s2 ð4 þ 3s2 Þ  a4r a6l 3c4 ð1 þ s2 Þ
þ a2r a6l c4 ð9  3s2 Þ  3a8l c6 g;

ð47Þ

a2r sc
fa4r a2l c2 þ a4r s2 ð2 þ c2 Þ  a4l c4
2f 3
þ a2r a2l c2 ð3  2s2 Þg;

ð48Þ

ny ¼ Fa
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X1 ¼ Fa2

3 1 s
ff 2  fa4r c2
6 f 2 a2l

 ða2l  a2r Þc2 ðf þ a4r s2 Þg;

ð49Þ

1 1
f3sf 2 ðf þ a4r s2 Þ
6 f4
þ a2r c2 ð3a2r sf þ a6r s3 Þf

X2 ¼ Fa2

þ 2ða2l  a2r Þc2 ð3f 2 s þ 6a4r s3 þ a8r s5 Þg; ð50Þ
a3 1
f4ð3a2r s2 f þ a6r s4 Þf 2
24 f 5
þ a2r c2 ð3f 2 þ 6a4r s2 f þ a8r s4 Þf

Dxx ¼ F

6. Analysis of the growth equations

6
þ 2ða2l  a2r Þc2 ð15a2r s2 f 2 þ 10a6r s4 f þ a10
r s Þg;

ð51Þ
Dyy ¼ F

a3 1 3a2r 4 2
ff c g;
24 f 5 a2l

Dxy ¼ F

6a3 1 f 2
f2ða2r s2 Þf 2
24 f 5 a2l

ð52Þ

þ a2r c2 ðf 2 þ a4r s2 f Þ
þ 2ða2l  a2r Þc2 ð3a2r s2 f þ a6r s4 Þg:

ð53Þ

In the above expressions, we have deﬁned
F 

J pa a2r a2l c2 =2f
pﬃﬃﬃﬃﬃﬃﬃﬃ e
rl 2pf

ð54Þ

and, as introduced in Appendix B,
a
a
ar  ; al  ; s  sin h;
r
l
c  cos h; f  a2r s2 þ a2l c2 :

tries imposed by the geometry of the problem, the
coeﬃcients in Eq. (40) are symmetric under the
transformation y ! y but not under x ! x,
while for h ! 0 the system is isotropic in the x and
y directions, speciﬁcally c ¼ nx ¼ ny ¼ X1 ¼ X2 ¼
0, kx ¼ ky , mx ¼ my and Dxx ¼ Dyy ¼ 12 Dxy . For generic values of h, the expressions for the coeﬃcients v0 , c, mx and my are the same as those
obtained by BH [38].

ð55Þ

Eq. (40) with the coeﬃcients (41)–(55), fully describe the nonlinear time evolution of sputter
eroded surfaces, provided that the leading relaxation mechanisms are thermally activated surface
diﬀusion and ion-induced ES. Due to its highly
nonlinear character, Eq. (40) can predict rather
complex morphologies and dynamical behaviors.
In the remainder of the paper we will focus on the
physical interpretation of the coeﬃcients (41)–(55),
uncovering their dependence on the experimental
parameters, and we discuss the morphologies described by Eq. (40). Consistent with the symme-

This section is devoted to the study of the
morphological properties predicted by Eq. (40).
This is not a simple task, due to large number of
linear and nonlinear terms, each of which inﬂuence
the surface morphology. The complexity of the
problem is illustrated by some special cases of Eq.
(40), for which the behavior is better understood.
For example, when nonlinear terms and the noise
are neglected (nx ¼ ny ¼ kx ¼ ky ¼ 0, g ¼ 0), Eq.
(40) reduces to a linear generalization of BH theory, which predicts ripple formation. It is also
known that the isotropic KS equation, obtained by
taking mx ¼ my , Dxx ¼ Dyy ¼ Dxy =2 and kx ¼ ky , asymptotically predicts kinetic roughening, with
morphology and exponents similar to those seen
experimentally in ion sputtering [28,29]. For positive mx and my , Eq. (40) reduces to the anisotropic
KPZ equation, whose scaling behavior is controlled by the sign of the product kx  ky [53]. Finally, recent integration by Rost and Krug [65] of
the noiseless anisotropic KS equation (i.e. when
g ¼ 0) showed that when kx  ky < 0, ripples unaccounted for by the linear theory appear, their
direction being rotated with respect to the ion direction.
To predict the morphology of ion-sputtered
surfaces, we need to gain a full understanding of
the behavior predicted by Eq. (40) in the physically
relevant two dimensional case, going beyond the
special cases. Help is provided by the recent numerical integrations of Eq. (40), recently reported
by Park et al. [100], that indicates a clear separation in time of the linear and nonlinear behaviors.
The results show that before a characteristic time
tc has been reached, the morphology is fully de-

M.A. Makeev et al. / Nucl. Instr. and Meth. in Phys. Res. B 197 (2002) 185–227

scribed by the linear theory, as if nonlinear terms
were not present. However, after tc the nonlinear
terms completely determine the surface morphology. These results oﬀer a natural layout for our
discussion. In Subsection 6.1, we will limit our
discussion to the linear theory. However, even in
this case we have to distinguish four diﬀerent
cases, depending on whether the surface diﬀusion
in the system is thermally activated or of the effective type associated with the ion erosion process. Consequently, in Subsections 6.1.1 and 6.1.2,
we discuss the high temperature case, when relaxation is by thermal surface diﬀusion, treating separately the symmetric (r ¼ l) and asymmetric
(r 6¼ l) cases. Next we turn our attention to the
low temperature ripple formation, when surface
relaxation is dominated by erosion, and we again
distinguish the symmetric and asymmetric cases
(Subsections 6.1.3 and 6.1.4). Finally, Subsections
6.2.1 – 6.2.4 are devoted to the eﬀect of the nonlinear terms, addressing such important issues as
ripple stabilization, rotated ripples and kinetic
roughening.
6.1. Linear theory
6.1.1. Ripple formation at high temperatures: symmetric case
In this section we discuss the process of ripple
formation in the symmetric case r ¼ l, when the
relaxation is by thermally activated surface diﬀusion. Thus, we assume that the magnitude of the
thermally activated surface diﬀusion coeﬃcient, K,
is much larger than Dxx , Dxy , Dyy , generated by the
ion bombardment process. This is always the
case for high temperatures since K increases as
ð1=T Þ expðDE=kB T Þ with T, while ion induced ES
terms are independent of T. Dropping the nonlinear terms in Eq. (40), we obtain
oh
oh
o2 h
o2 h
o3 h
¼ v0 þ c þ mx 2 þ my 2 þ X1 3
ot
ox
ox
oy
ox
o3 h
 Kr4 h þ gðx; y; tÞ;
þ X2
oxo2 y

ð56Þ

where the coeﬃcients can be obtained from Eqs.
(41)–(54) by taking r ¼ l,
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v0 ¼ Fc;
c ¼ Fsða2r c2  1Þ;
Fa
mx ¼ f2s2  c2  a2r s2 c2 g;
2
Fa
my ¼  c 2 ;
2
Fa2 s
X1 ¼  2 ð1  a2r c2 Þ;
2ar
2
Fa
X2 ¼ 2 sfa2r ð3c2  3s2 Þ þ a4r c2 s2  3g:
6ar

ð57Þ

Since the surface morphology depends on both
the signs and absolute values of the coeﬃcients in
Eq. (56), in the following we discuss in detail their
behavior as functions of the angle of incidence h
and the reduced energy deposition depth ar .
6.1.1.1. Erosion velocity v0 . The v0 term describes
the erosion velocity of a ﬂat surface. This term
does not aﬀect the ripple characteristics, such as
ripple wavelength and ripple amplitude, and can
be eliminated from the surface evolution equation
by the coordinate transformation h~ ¼ h þ v0 t. This
corresponds to a transformation to the coordinate
frame moving with the eroded surface. However,
since v0 is the largest contribution to the erosion
rate and is the only one that contributes in the
linear theory, it is worthwhile to investigate its
dependence on h and ar . Fig. 6 shows the v0 dependence on the angle of incidence, h, for three
diﬀerent values of the reduced energy deposition
depth ar . From Eq. (57), v0 is positive for all h and
ar . In the experiments, v0 ðhÞ corresponds to the
secondary ion yield variation with the incidence angle h, i.e. v0 ðhÞ ¼ JYflat ðhÞ=n, where n is the
density of target atoms. Note that v0 has the
characteristic increasing part for small h, followed
by saturation, and decreases for large h, similar to
the measured yield [2].
6.1.1.2. Traveling ripples c, X1 , X2 . If we consider a
periodic perturbation, with a wave vector ðqx ; qy Þ,
in the form
h ¼ v0 t þ A exp½iðqx x þ qy y  xtÞ þ rt;
from Eq. (56) we obtain the mode velocity

ð58Þ
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Fig. 6. The erosion velocity, v0 =P as a function of h. The three
curves correspond to the reduced energy deposition depth
ar ¼ 1 (solid line), ar ¼ 2 (dotted line), ar ¼ 3 (dashedpﬃﬃﬃﬃﬃ
line).
ﬃ
The velocity has been normalized by a factor P ¼ pJ =ð 2paÞ,
independent of h.

x ¼ cqx þ X1 q3x þ X2 qx q2y

ð59Þ

and the growth rate
2

r ¼ ðmx q2x þ my q2y þ Kðq2x þ q2y Þ Þ:

ð60Þ

Thus the coeﬃcients c, X1 , X2 contribute to the
Fourier mode velocity x in an anisotropic way
that reﬂects the asymmetry of the x and y directions for oblique ðh 6¼ 0Þ ion incidence. The coefﬁcients mx , my , K, on the other hand, contribute to
the growth rate of the mode amplitude. Carter
[99,101] pointed out that dispersive terms, such as
X1 and X2 , destroy the translational invariance
of the periodic morphology because the diﬀerent
modes travel with diﬀerent velocities. Note, however, that the existence of a ripple structure means
that there is essentially only one Fourier mode
describing the surface morphology, which will,
thus, move across the surface with velocity x.
The coeﬃcient c contributes only to the velocity
of the ripples along the x direction, leaving unaﬀected the y component of the ripple velocity.
Thus, as expected, c ¼ 0 for normal incidence

Fig. 7. The coeﬃcient c=P as a function of the angle of incidence h for three reduced energy deposition depths: ar ¼ 1
(solid line); ar ¼ 2 (dotted line); ar ¼ 3 (dashed line).

(h ¼ 0). Similarly to the v0 term, c does not affect the ripple characteristics and can actually be
eliminated using the transformation h~ ¼ hðx 
ct; tÞ. As can be seen in Fig. 7, c can change sign
with h, indicating that ripples travel in both positive and negative directions along the x coordinate, depending on the angle of incidence and the
energy deposition depth: ripples travel in the positive x direction for small h and in the negative x
direction for larger h. Traveling ripples were observed in numerical simulations of Koponen et al.
[90].
As discussed above, the terms X1 , X2 contribute
merely to the traveling of the ripples, and have no
further eﬀect on the surface morphology. Fig. 8
shows the coeﬃcients X1 and X2 as functions of the
angle of incidence h. We ﬁnd that the absolute
values of these coeﬃcients at small angles is small
compared to c (see Fig. 7), and, thus, the main
contribution to the ripple velocity comes from the
ðcoh=oxÞ term. On the other hand, for angles
h P 60, these terms are comparable to or even
larger than c.
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Fig. 8. The reduced third order coeﬃcients X1 =P (a) and X2 =P
(b) as functions of the angle of incidence h for three reduced
energy deposition depths: ar ¼ 2 (solid line); ar ¼ 3 (dotted
line); ar ¼ 4 (dashed line).

6.1.1.3. The coeﬃcients mx and my . As we discussed
above (see Subsection 4.2), the negative surface
tension coeﬃcients are the origin of the instability
responsible for ripple formation. Consequently,
they play a particularly important role in determining the surface morphology. The coeﬃcients mx
and my are not equal to each other due to the fact
that the direction of the ion beam breaks the
symmetry along the surface. As seen in Eq. (57), my
is always negative, while mx can change sign as h
and ar vary, as shown in Fig. 9. The sign and the
magnitude of mx and my determine both the wavelength and the orientation of the ripples.
6.1.1.4. Ripple wavelength and orientation. The
experimental studies of ripple formation have
mainly focused on the measurement of the ripple
characteristics, such as the ripple wavelength and
amplitude. Thus, a successful theory must address
and predict these quantities. In the following
we outline the method for calculating the ripple
wavelengths ‘x and ‘y . Taking into account the
noisy character of Eq. (56), the experimentally
observed ripple wavelength corresponds to the
unstable Fourier mode which yields the maximum
value of the structure factor. The structure factor,
Sðq; tÞ, is calculated from the Fourier transform of
the instantaneous surface proﬁle, hðq; tÞ, and is
deﬁned as
Sðq; tÞ ¼ hhðq; tÞhðq; tÞi;

ð61Þ
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Fig. 9. The surface tension coeﬃcients mx =P (a) and my =P (b) as
functions of the angle of incidence h for three reduced energy
deposition depths: ar ¼ 2 (solid line); ar ¼ 3 (dotted line);
ar ¼ 4 (dashed line).

where
hðq; tÞ ¼

Z

dr
ð2pÞ

3

expðiqrÞðhðr; tÞ  hðtÞÞ:

ð62Þ

Fourier transforming Eq. (56) and inserting the
expression for the Fourier transforms of hðr; tÞ into
Eq. (61), we obtain
Sðq; tÞ ¼ hhðq; tÞhðq; tÞi ¼ 

J 1  expðrðqÞtÞ
;
2
rðqÞ
ð63Þ

where r is the growth rate of the mode q. It is given
by Eq. (60), and is positive for all unstable Fourier
modes in the system. We ﬁnd that, depending on
the sign of mx and the relative magnitude of mx and
my , we can distinguish two cases:
(i) For mx < my < 0, which, according to Eq.
(57), holds when
rﬃﬃﬃﬃ
2
ar >
;
ð64Þ
c2
the ripple structure is oriented in the x direction,
with ripple wavelength,
sﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2K
‘x ¼ 2p
:
ð65Þ
jmx j
This
means that the maximum of Sðq; tÞ is at
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð jmx j=2K ; 0Þ. To illustrate this, in Fig. 10 we
show the dependence of the structure factor on the
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Fig. 10. Contour plot of the structure factor 2Sðqx ; qy Þ=J as a function of the two dimensionless wavevectors qx a and qy a calculated for
the angle of incidence h ¼ 30. The reduced coeﬃcients mx =P and my =P are obtained using Eq. (57), their values being mx =P ¼ 0:057
and my =P ¼ 0:0418, while K=P is taken to be 0.01. These parameter values correspond to Region I in Fig. 12.

wavevectors qx and qy . The contour plotpindicates
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the existence of a global maximum at ð jmx j=2K ;
0Þ, indicating that the ripples are oriented along
the x direction.
(ii) For mx > my , which holds when
rﬃﬃﬃﬃ
2
ar <
;
ð66Þ
c2
the ripple structure is oriented along the y-direction, with ripple wavelength
sﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2K
:
ð67Þ
‘y ¼ 2p
jmy j
Fig. 11 shows an example of this regime, indicating
the existence of a global maximum at point
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð0; jmy j=2K Þ, corresponding to the ripple structure oriented along the y direction.
6.1.1.5. Phase diagram for ripple orientation. The
results obtained on ripple formation can be summarized in a (h, ar ) morphological phase diagram,
shown in Fig. 12, which has the following regions:

Region I: For small h both mx and my are negative and such that mx < my . Thus the ripples are
oriented along thepxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
direction. Their wavelength is
given by ‘x ¼ 2p 2K=jmx j. The amplitude of the
ripples is expected to be weakly
modulated by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the larger wavelength ‘y ¼ 2p 2K=jmy j. The ripplepamplitude
grows as h0 expðrx tÞ, where rx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rð jmx j=2K ; 0Þ (see Eq. (58)). The boundary of this
region is deﬁned by mx ðar ; hÞ ¼ my ðar ; hÞ, i.e.
rﬃﬃﬃﬃ
2
ar ¼
:
ð68Þ
c2
Region II: This region is characterized by
my < mx . The ripples are directed along p
the
y diﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rection and have wavelength ‘y ¼ 2p 2K=jmy j.
Note that Region II extends down to small values
of the incidence angle h for small enough reduced
energy deposition depth ar . This somewhat unphysical result is a consequence of the assumption
of a symmetric (r ¼ l) distribution of deposited
energy. We will see in the next section that the
more physical asymmetric case with r > l leads, in
most cases, to ripples oriented only along the x
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Fig. 11. Contour plot of the structure factor 2Sðqx ; qy Þ=J as a function of the two dimensionless wavevectors qx a and qy a calculated for
the angle of incidence h ¼ 60. The reduced coeﬃcients mx =P and my =P are obtained using Eq. (57), their values being mx =P ¼ 0:0758
and my =P ¼ 0:0379, while K=P is taken to be 0.01. These parameter values correspond to Region II in Fig. 12.

direction for small enough angles of incidence, as
generally observed.
Fig. 13 shows the h dependence of the ripple
wavelengths along the x and y directions. In the
framework of this model, where thermal surface
diﬀusion is the only smoothing mechanism, the
observed ripple orientation corresponds to the
direction featuring the smallest value of ‘, and
changes when ‘x ¼ ‘y . The prediction for the ripple
wavelength close to 90 is questionable since reﬂection [69,70] and shadowing [102], not incorporated in the model, start to play an important role
during ion bombardment at the large angles of
incidence.

Fig. 12. Ripple orientation phase diagram for the isotropic case
r ¼ l ¼ 1. Region I: mx < my < 0; Region II: mx > my .

6.1.1.6. Summary. The dependence of ‘ on the main
physical parameters characterizing the sputtering
process is given by
sﬃﬃﬃﬃﬃﬃ rﬃﬃﬃﬃﬃﬃ
2K
2K
‘ ¼ 2p
:
ð69Þ
jmj
Fa
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ative the experimentally observed ripple structure has the direction for which the growth rate
r is largest. However, in general, we expect a
superposition of both wavelengths, where the
long wavelength will appear as a modulation
of the ripple amplitude. Indeed, such modulations have been observed both experimentally
and numerically [100].
(d) An important prediction of this model, illustrated in Fig. 13, is the existence of the critical
angle hc where the ripple orientation changes.
In the case when surface diﬀusion is thermally
activated, this transition coincides with the
condition mx ¼ my .

Fig. 13. Ripple wavelengths ‘x (solid line) and ‘y (dotted
pﬃﬃﬃﬃﬃﬃ line) as
functions of the angle of incidence h for KpJ =ð 2paÞ ¼ 0:01.
The reduced energy deposition depth is taken as ar ¼ 2.

This prediction has a number of consequences,
some of which have been veriﬁed experimentally
(see Section 7):
(a) Since the energy deposition depth, a, is proportional to 2m (see 4.5), and r l a,
we have ar constant, and F ðaÞ=ðrlÞ
12m , which is independent of , when
m ¼ 1=2. Consequently,
‘

1=2 ;

ð70Þ

i.e. the ripple wavelength is expected to decrease with the ion energy.
(b) Taking into account that K is independent of
the ion ﬂux and m J , we obtain that the ripple wavelength is also a decreasing function of
the incident ion ﬂux, given by
1
:
ð71Þ
J 1=2
(c) As was mentioned above, the negative surface
tension is the origin of the instability leading to
ripple formation. When both mx and my are neg‘

6.1.2. Ripple formation at high temperatures:
asymmetric case
The results of the previous section were derived
for the isotropic case, r ¼ l. While this approximation considerably simpliﬁes our discussion,
most systems present some anisotropy in the deposited energy distribution. In this section we
demonstrate that the existence of anisotropy does
not modify the overall qualitative result on the
existence of the two parameter regions, corresponding to ripples oriented along the x or y directions. However, anisotropy does change the
numerical value of the ripple wavelength and the
exact boundary between the two morphological
regions: we demonstrate that, for large enough
anisotropies, if the incidence angle is small only
ripples oriented along the x direction are possible.
Fig. 14 shows the coeﬃcients mx and my , given by
Eq. (57), as functions of the angle of incidence h,
for three diﬀerent degrees of asymmetry s ¼ r=l,
in the physically relevant [38,69,70] s > 1 range.
As one can observe, the qualitative behavior of mx
and my is similar to that observed in the symmetric
case. One interesting feature, however, must be
emphasized: the increasing asymmetry leads to
larger ripple wavelength, since the absolute values
of mx and my decrease.
With respect to the third order linear terms X1
and X2 , their behavior as functions of the angle
of incidence can be also seen to be qualitatively
analogous to the symmetric case. Thus the asymmetry does not change our conclusions regarding
the traveling ripples.
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regime. However, the topology of the phase
pﬃﬃﬃ diagram does change as s increases. For s < 3 the
topology of the phase diagram is similar to the
symmetric
pﬃﬃﬃcase (see Fig. 12). As Fig. 15 illustrates,
for s P 3 the ripples oriented along the y direction, predicted by the linear theory for small enough h and ar , are absent, which is consistent with
most experimental observations. The characteristics of Region I and Region II of the phase diagram are the same as in the symmetric case.

Fig. 14. The eﬀective surface tensions mx =P (a) and my =P (b)
plotted as functions of the incidence angle h in the asymmetric
case. The curves correspond to values of the asymmetry parameter s ¼ 1:5 (solid line), s ¼ 2 (dotted line), s ¼ 3 (dashed
line), with ar ¼ 2.

6.1.2.1. Ripple wavelength. The calculation of
ripple characteristics in the asymmetric case is
identical to the one used in the symmetric case.
Therefore, we limit ourselves to the presentation of
the results. Again, there are two possible ripple
directions, and the dominant one can be found
from the maximum of the structure factor (63) or,
as can be shown to be equivalent, from the maximum of the growth rate (60),
(i) When mx < mx < 0, i.e.
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 ð2 þ c2 Þ þ s2 c2 ð1 þ 2c2 Þ  s4 c4
ar >
;
s2 c 2

6.1.3. Ripple formation at low temperatures: symmetric case
In Subsections 6.1.1 and 6.1.2, we discussed the
process of ripple formation when the origin of
surface smoothing is surface diﬀusion, described
by the Kr4 h term. However, in the series expansion of the erosion velocity we found linear
fourth order terms of the form Dxx o4x h, Dxy o2x o2y h
and Dyy o4y h, which are formally equivalent to the
thermally induced surface diﬀusion terms. These
terms arise as a higher order correction to the local

ð72Þ

the ripple structure is oriented along the
x-direction
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ with ripple wavelength ‘x ¼
2p 2K=jmx j.
(ii) When my > my , i.e.
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 ð2 þ c2 Þ þ s2 c2 ð1 þ 2c2 Þ  s4 c4
ar <
; ð73Þ
s2 c2
the ripples are oriented along the
y-direction,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with ripple wavelength ‘y ¼ 2p 2K=jmy j.
6.1.2.2. Phase diagram for ripple orientation. To
consider the eﬀect of asymmetry on the diﬀerent
regimes in ion sputtering, we have studied the
ripple orientation phase diagram for diﬀerent values of s. As s changes, we ﬁnd a smooth evolution
which does not uncover any new morphological

Fig. 15. Ripple orientation phase diagram for the asymmetric
case with asymmetry parameter s ¼ 2 and ar ¼ 2. Region I:
mx < my < 0; Region II: mx > my .
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surface curvature, being fully determined by the
process of surface erosion. Consequently, these
terms do not imply actual mass transport along the
surface, as thermal surface diﬀusion does. In this
section we show that, in some parameter regions,
these terms have a smoothing eﬀect that counteracts the erosion instability, in such a way that they
can also lead to ripple formation. We believe this
explains the ripples observed at low temperatures
both experimentally [12] and in computer simulations [90].
Neglecting the thermally induced relaxation
terms (i.e. taking K ¼ 0), nonlinear terms and the
terms v0 , c, X1 and X2 , that do not aﬀect the ripple
characteristics, from Eq. (40) we obtain the linear
equation
oh
o2 h
o2 h
o4 h
o4 h
¼ mx 2 þ my 2  Dxx 4  Dxy 2 2
ot
ox
oy
ox
ox oy
 Dyy

o4 h
þ gðx; y; tÞ:
oy 4

ð74Þ

rðqx ; qy Þ
¼ ðmx q2x þ my q2y þ Dxx q4x þ Dxy q2x q2y þ Dyy q4y Þ: ð76Þ
In principle, the asymmetry of the Dij coeﬃcients
may lead to maxima of Sðq; tÞ at nonzero qx and
qy values, which correspond to ripples forming a
nonzero angle with both the x and y directions.
However, straightforward calculations indicate
that the following condition holds:
Dxy my ¼ 2mx Dyy ;

ð77Þ

for all values of ar and h in (57) and (75). This
identity implies that no extrema ðqx ,qy Þ of Sðq; tÞ
exist other than of the form ðqx ; 0Þ or ð0; qy Þ. Of
these two solutions the one with the largest positive value of rðqx ; qy Þ corresponds to the observed
ripple structure. For small angles of incidence, so
that Dxx P 0 (Region I in Fig. 16), it can be easily
seen that mx < 0, and the absolute
maximum of
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Sðq; tÞ is at ðqx ; 0Þ with qx ¼ jmx j=2Dxx , thus the
ripple structure is aligned along the x direction (see

The expressions for the coeﬃcients of the ion-induced eﬀective smoothing terms can be obtained
from Eqs. (51)–(53) using r ¼ l,
Fa3  4 4 2
a s c þ a2r ð6c2 s2  4s4 Þ
24a2r r

þ 3c2  12s2 ;

Fa3  2 2 2
Dxy ¼
6 ar s c þ c2  2s2 ;
2
24ar
Fa3 2
Dyy ¼
3c :
24a2r
Dxx ¼

ð75Þ

From Eq. (75), Dyy is always positive, while Dxy
and Dxx change sign with h. As we discuss below, the
positive Dxx and Dyy coeﬃcients play a role similar
to thermally activated surface diﬀusion. Furthermore, the absolute value of Dxx is comparable with
the thermally activated surface diﬀusion coeﬃcient
even at high temperatures (see Section 7).
6.1.3.1. Ripple wavelength and orientation. The
ripple wavelength and orientation can be calculated following the arguments presented in Subsection 6.1.1, being determined by the maxima of
the structure factor Sðq; tÞ. The growth rate r is
now given by

Fig. 16. Morphological phase diagram in the symmetric
r ¼ l ¼ 1. Diﬀerent regions correspond to: Region I: mx
my < 0, Dxx > 0, Dyy > 0 and rx > ry ; Region II: mx < 0, my
Dxx < 0, Dyy > 0; Region III: mx > 0, my < 0, Dxx < 0
Dyy > 0.

case
< 0,
< 0,
and
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for example Fig. 17). Crossing the Dxx ¼ 0 line into
Region II in Fig. 16 the ðqx ; 0Þ solution disappears,
the structure
factor having an extremum at ð0; qy Þ,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

with qy ¼ jmy j=2Dyy . However, this extremum is
not a global maximum, see for example Fig. 18.
The lower boundary of Region II is provided by
the condition mx ¼ 0. When we cross it (entering
Region III in Fig. 16), we have Dxx < 0 and mx > 0.
Under this condition, again, there exists
an extrepﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mum of Sðq; tÞ at ðqx ; 0Þ, with qx ¼ mx =2jDxx j.
However, the structure factor takes its absolute
maximum at ð0; qy Þ.
6.1.3.2. Phase diagram for ripple orientation. In
summary, three diﬀerent regions can be determined in the morphological phase diagram shown
in Fig. 16 for the case of ion-induced ES in the
symmetric r ¼ l case.
Region I: In this region, the surface tension
coeﬃcients mx and my are negative, while Dxx and
Dyy are both positive. The observed ripple structure corresponds to the maximum of Sðq; tÞ, which
indicates that the ripple structure is oriented along
the x direction. The lower boundary of this region,
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separating it from Region II, is given by the
Dxx ðar ; hÞ ¼ 0 line or, equivalently, by
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2s2  3c2 Þ þ 6c4 þ 4s4
ar ¼
:
ð78Þ
s2 c 2
Region II: In this region both Dxx and mx are
negative. This region is bounded below by the
mx ðar ; hÞ ¼ 0 line, given by
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2s2  c2 Þ
ar ¼
:
ð79Þ
s2 c2
In a continuum description, the maximum of
rðqÞ is at inﬁnite q, thus our theory possibly breaks
down in the sense that not even nonlinear eﬀects
can be expected to stabilize the surface, under such
conditions. In such a case, a higher order Taylor
expansion should be carried out in Section 5 in
order to be able to describe our system. Additional
eﬀects, such as shadowing, could also start to play
a role under such conditions.
Region III: In this region Dxx is negative and mx
is positive. Thus the instability given by the negative Dxx is smoothed out by the positive mx . Since

Fig. 17. Contour plot of the structure factor 2Sðqx ; qy Þ=J shown as a function of the two dimensionless wavevectors qx a and qy a
calculated for the angle of incidence h ¼ 30. The reduced coeﬃcients mx =P and my =P are obtained using Eq. (57), their values being
mx =P ¼ 0:0578 and my =P ¼ 0:0418. These parameter values correspond to Region I in Fig. 16.
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Fig. 18. Contour plot of the structure factor 2Sðqx ; qy Þ=J shown as a function of the two dimensionless wavevectors qx a and qy a
calculated for the angle of incidence h ¼ 30. The reduced coeﬃcients mx =P and my =P are obtained using Eq. (57), their values being
mx =P ¼ 0:0758 and my =P ¼ 0:0379. These parameters values correspond to Region II in Fig. 16.

the structure factor takes on its absolute maximum
at the ﬁnite wave vector (0, qy ), in principle there is
still a ripple structure oriented along the y direction. However, remarks similar to those made in
Region II might apply here, since we still have
Dxx < 0.
6.1.3.3. Summary. In the presence of ion-induced
ES, the dependence of the ripple wavelength on the
physical parameters is diﬀerent from the case of
thermal surface diﬀusion (see Section 6.1.1). Here
we summarize some of the diﬀerences.
(a) The dependence of ‘ on the ion energy is
given by
sﬃﬃﬃﬃﬃﬃ rﬃﬃﬃﬃﬃﬃﬃ
2D
Fa3
‘¼
a 2m ;
ð80Þ
jmj
Fa
indicating that the ripple wavelength depends linearly on the energy deposition depth a. This is very
diﬀerent from the behavior predicted by Eq. (56),
derived for thermal surface diﬀusion, and indicates
that monitoring the ripple wavelength dependence on  can be used to identify the dominant

smoothing mechanism. Such a linear behavior of
‘ on  has, indeed, been seen experimentally (see
Subsection 3.1).
(b) From Eq. (80) it also follows that the ripple
wavelength is independent of the incident ion ﬂux.
This prediction is again quite diﬀerent from the
case dominated by thermal surface diﬀusion, given
by Eq. (71). Such a ﬂux independent behavior has
been observed experimentally (see Subsection 3.1).
Finally, analogues of characteristics (c) and (d),
discussed in Subsection 6.1.1, apply here as well.
6.1.4. Ripple formation at low temperatures: asymmetric case
In this section we discuss the eﬀect of asymmetry (r 6¼ l) of the energy distribution on the
morphological regimes predicted by Eq. (74). We
ﬁnd that the coeﬃcients of Eq. (74) vary slowly
with the asymmetry, but this does not change the
qualitative picture presented in the previous section, regarding the ripple wavelength and orientation, or the major morphological regimes found
in the isotropic case, including the conditions of
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validity of our continuum theory. Speciﬁcally, we
ﬁnd that the asymmetry enlarges the region in h
where Dxx and Dyy are positive, thus shifting Region II to larger values of h.
6.1.4.1. Phase diagram for ripple orientation. The
topology of the morphological phase diagram and
the characteristics of the three main regions are
not changed by the asymmetry. We ﬁnd that
the only eﬀect of the asymmetry is to move the
boundaries smoothly to larger values of h, as s
increases. The condition Dðar ; hÞ ¼ 0 (see Eq. (78))
now takes the form
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2s2  3s2 c2 Þ þ 6s4 c4 þ 4s4
2
2
2
ar ¼ ðs þ s c Þ
s2 s 2 c 2
ð81Þ
and the condition mx ðar ; hÞ ¼ 0 (see Eq. (79)) becomes
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2s4 þ s2 c2 s2  s4 c4
:
ð82Þ
ar ¼
s2 s 2 c 2

6.2. Nonlinear theory
As we demonstrated in Section 6.1, linear theory can predict many features of ripple formation,
such as the ripple wavelength and orientation,
both at high and low temperatures. However, a
number of important experimental features are
incorrectly predicted by the linear theory. They
include the stabilization of the ripple amplitude
(according to the linear theory the amplitude increases indeﬁnitely at an exponential rate) or the
presence of kinetic roughening (completely unaccounted for by the linear approach). To account
for these features, we have to consider the eﬀect of
the nonlinear terms. Consequently, this section is
devoted to the eﬀect of the nonlinear terms on the
surface morphology. There is an important diﬀerence between the linear and nonlinear theories:
while all predictions of the linear theory can be
calculated analytically (as we demonstrated in the
previous section), the discussion of the nonlinear
eﬀects requires a combination of analytical and
numerical tools. Even with these tools, the un-
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derstanding of the nonlinear eﬀects is far less
complete than that of the linear theory.
6.2.1. High temperature morphology: symmetric
case
In the high temperature regime, where thermal
surface diﬀusion dominates over ion-induced ES,
the nonlinear equation of the interface evolution
has the form
oh
oh
oh
¼ v0 þ c þ nx
ot
ox
ox
þ ny

oh
ox

kx
2

oh
ox

þ

þ X2

o2 h
oy 2
2

þ

ky
2

þ mx
oh
oy

o2 h
ox2
o2 h
o2 h
þ
m
y
ox2
oy 2
2

þ X1

o3 h
 Kr4 h þ gðx; y; tÞ;
oxoy 2

o3 h
ox3
ð83Þ

where the coeﬃcients of the linear terms, v0 , c, mx ,
my , X1 , X2 and K have been discussed in Subsections 6.1.1 and 6.1.2. The coeﬃcients of the nonlinear terms in the symmetric case (r ¼ l) are

F 
kx ¼ c a2r ð3s2  c2 Þ  a4r s2 c2 ;
2

F 
ky ¼  c a2r c2 ;
2
ð84Þ

Fa 
nx ¼ sc  a4r c2 s2 þ a2r ð4s2  3c2 Þ þ 6 ;
2

Fa 
ny ¼ sc 2  a2r c2 :
2
Next we discuss the physical interpretation and the
behavior of these coeﬃcients as functions of h and
ar .
6.2.1.1. The coeﬃcients nx and ny . Fig. 19 shows the
nonlinear coeﬃcients nx and ny as functions of the
angle of incidence h. As the numerical analysis of
Eq. (83) shows, these nonlinearities are responsible
for the development of overhangs on the surface
[103]. Even though the nx and ny terms are expected not to determine the asymptotic scaling
behavior, they can play a relevant role at intermediate time scales, after the development of the
ripple structure, particularly in the region of large
h. The precise contribution of these nonlinearities
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Fig. 19. The reduced coeﬃcients nx =P (a) and ny =P (b) shown
as functions of h for diﬀerent values of the reduced energy deposition depths: ar ¼ 2 (solid line); ar ¼ 3 (dotted line); ar ¼ 4
(dashed line).

to the surface dynamics is currently under investigation [103].
6.2.1.2. The coeﬃcients kx and ky . As we discussed
in Subsection 4.1.2, the morphology of the surface
described by Eq. (83) depends on the relative signs
of the nonlinear terms kx and ky . As it is evident
from Eq. (84), ky is negative for all angles of incidence and energy deposition depths. However, as
shown in Fig. 20, the sign of kx depends on h and
ar : kx is negative for small h and changes sign for
larger angles of incidence.

In principle, the nonlinear terms completely determine the surface morphology. Since the nonlinear terms are always present, an important
question is whether the linear regimes are relevant
at all. Recent results by Park et al. [100] indicate
that, while the nonlinear eﬀects indeed change the
surface morphology, the regime described by the
linear terms is still visible for a wide range of parameters. By numerically integrating Eq. (83), they
have shown that there is a clear separation of the
linear and nonlinear regimes in time: for times up
to a crossover time tc the surface erodes as if the
nonlinear terms would be completely absent, following the predictions of the linear theory. After
tc , however, the nonlinear terms take over and
completely determine the surface morphology. The
transition from the linear to the nonlinear regime
can be seen either by monitoring the surface width
(which is proportional to the ripple amplitude) or
the erosion velocity. The simulations indicate that
the width increases exponentially with time, as
predicted by the linear theory, until tc , after which
the width growths at a much slower rate [100].
This transition is typically accompanied by the
disappearance of ripples, predicted by the linear
theory, and the appearance of either kinetic
roughening or of a new rotated ripple structure.
The erosion velocity is constant in the linear regime (before tc ), while it increases or decreases
after tc , depending on the relative signs of the
nonlinear terms.
6.2.1.3. Crossover time. The crossover time tc from
the linear to the nonlinear behavior can be estimated [100] by comparing the strength of the linear terms with that of the nonlinear terms. Let the
typicalpsurface
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃwidth at the crossover time tc be
W0 ¼ W 2 ðL; tc Þ. Then from the linear equation
we obtain
expðmtc =‘2 Þ;

W0

while from ot h
W0 =tc
Fig. 20. The reduced coeﬃcients kx =P (a) and ky =P (b) shown
as functions of h. The diﬀerent curves correspond to diﬀerent
values of the reduced energy deposition depth: ar ¼ 2 (solid
line); ar ¼ 3 (dotted line); ar ¼ 4 (dashed line).

ð85Þ
2

kðrhÞ we estimate

kW02 =‘2 :

ð86Þ

Combining these relations we obtain
tc

ðK=m2 Þ lnðm=kÞ:

ð87Þ
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In this expression, m, K and k correspond to the
direction parallel to the ripple orientation. The
predicted k dependence of tc has been conﬁrmed by
numerical simulations [100].
6.2.1.4. Surface morphology. The surface morphology in the nonlinear regime depends on the
relative signs of mx , my , kx and ky . The diﬀerent
morphological regimes can be summarized in a
phase diagram, shown in Fig. 21. Next we discuss
each of the phases separately.
Region I: For small h, the nonlinear terms kx
and ky have the same (negative) sign, the boundary
of this region being given by the condition that
kx ðar ; hÞ ¼ 0, or equivalently
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3s2  c2
:
ð88Þ
ar ¼
c2 s2
In this region both mx and my are negative, thus at
short time scales (t 6 tc ), the linear theory (see
Subsection 6.1.1) predicts ripples oriented along
the direction (x for large ar and y for small ar ) for
which the absolute value of m is largest, with ripple

Fig. 21. Phase diagram for the isotropic case r ¼ l ¼ 1. Region
I: mx < 0, my < 0, kx < 0, ky < 0; Region II: mx < 0, my < 0,
kx > 0, ky < 0; Region III: mx > 0, my < 0, kx > 0, ky < 0.
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
wavelength ‘ ¼ 2p 2K=jmj. On the other hand, at
long times (t
tc ), the ripple structure disappears
and the surface undergoes kinetic roughening
[100]. Since kx  ky > 0, we expect the dynamics of
the kinetic roughening regime to be described by
the KPZ equation, i.e. the surface width follows
W
La , W
tb , where the scaling exponents are
a ’ 0:38 and b ’ 0:25 (see Subsection 4.1.1).
Region II: In this region both the mx and the my
coeﬃcients are still negative, but in contrast with
Region I the product kx  ky is negative. Recent
studies by Park et al. [100] have shown that in time
three morphological regimes can be distinguished.
For short times, t 6 tI , the ripple structure predicted by the linear theory is observed, with ripples
oriented along the direction which has the largest
value of jmj. For intermediate times tI 6 t 6 tII , the
surface is rough. If this roughness would follow
kinetic roughening, one would expect logarithmic scaling, described by the Edwards–Wilkinson
equation, since kx  ky < 0. However, this transient
regime is somewhat diﬀerent from what we expect
during kinetic roughening. The numerical simulations often show the development of individual
ripples, which soon disappear, and no long-range
order is present in the system. However, at a
second crossover time, tII , a new ripple structure
suddenly forms, in which the ripples are stable and
rotated at an angle hc with respect to the x direction. Rost and Krug [65] have shown (for the deterministic limit of Eq. (83)) that, by deﬁning
am ¼ mx =my and bk ¼ kx =ky , the fact that am > 0 and
bk < 0 throughout Region II implies the existence
of ‘‘cancellation modes’’ which dominate the dynamics and lead to this rotated ripple morphology.
(Note the parameter ratios am and bk are not to be
confused with the roughness and growth exponents a and b, introduced in Section 2.) The angle
hc , calculated
by Rost
and Krug, has the value
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
hc ¼ tan1 kx =ky (see also Appendix D), and
can be obtained by moving to a rotated frame of
coordinates that cancels the nonlinear terms in the
transverse direction. The boundary of Region II is
given by the condition mx ðar ; hÞ ¼ 0, Eq. (79).
Region III: This region is characterized by a
positive mx and a negative my . At short time scales,
t 6 tc , the periodic structure associated with the
instability is oriented along the y direction and has
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
wavelength ‘y ¼ 2p 2K=jmy j. Much less is known,
however, about the nonlinear regime. Such an
anisotropic and linearly unstable equation is unexplored in the context of growth equations. The
analysis by Rost and Krug [65] for the corresponding deterministic equation predicts that,
given that bk < am < 0 does hold all over Region
III, again cancellation modes induce a rotated
ripple morphology.
6.2.1.5. Summary. Even though several aspects of
the scaling behavior predicted by Eq. (83) remain
to be clariﬁed, we believe that this equation contains the relevant ingredients for understanding
roughening by ion bombardment. To summarize,
at short time scales the morphology consists of a
periodic structure oriented along the direction,
determined by the largest in absolute value of the
negative surface tension coeﬃcients [38]. Modifying the values of ar or h changes the orientation of
the ripples [38]. At long time scales, we expect two
diﬀerent morphological regimes. One is characterized by the KPZ exponents, which might be
observed in Region I in Fig. 21. Indeed, the values
of the exponents, reported by Eklund et al. [28,29],
are consistent within the experimental errors with
the KPZ exponents. In Region II kinetic roughening is not expected. Rather, nonlinear terms lead
to a new ripple structure that is rotated with respect to the ion direction. Region III is less understood; analysis of the deterministic equation
[65] again predicts a rotated ripple structure. By
tuning the values of h and/or ar one may induce
transitions among these morphological regimes.
6.2.2. High temperature morphology: asymmetric
case
In this section we discuss the eﬀect of asymmetry on the scaling regimes of Eq. (83). Here,
again, we obtain that the eﬀect of asymmetry does
not bring in new qualitative features. Speciﬁcally,
we ﬁnd that the qualitative behavior of nx and ny is
not aﬀected by the asymmetry. As the asymmetry
grows, the absolute value of the coeﬃcients in the
region of small angles decreases and the peaks at
large h increase. Similarly, while the numerical
values of kx and ky are aﬀected by the asymmetry,
s, their qualitative features are not.

Finally, we ﬁnd that the morphological diagram
is topologically equivalent to the phase diagram
obtained in the symmetric case (see Fig. 21), the
only diﬀerence being in the position of the
boundaries. As s changes, we ﬁnd a smooth evolution of the boundaries, which does not uncover
any new regimes. Since the morphological properties of the system in the three regimes are the
same as those discussed in the symmetric case, we
will not discuss them again.
6.2.3. Low temperature morphology: symmetric
case
In this section we discuss the eﬀect of the effective surface smoothing on the surface morphology in the nonlinear regime. In the absence
of thermally activated surface diﬀusion, from Eq.
(40), we obtain the following equation governing
the morphology evolution:
oh
oh
oh
¼ v0 þ c þ nx
ot
ox
ox
þ ny

oh
ox

kx
2

oh
ox

þ

þ X2

o2 h
oy 2
2

þ

ky
2

þ mx
oh
oy

o2 h
ox2
o2 h
o2 h
þ
m
y
ox2
oy 2
2

þ X1

o3 h
ox3

o3 h
o4 h
o4 h

D

D
xx
xy
oxoy 2
ox4
ox2 oy 2

 Dyy

o4 h
þ gðx; y; tÞ:
oy 4

ð89Þ

The terms c, mx , my , X1 , X2 , nx , ny , kx , ky , as well
as the ion-induced eﬀective smoothing coeﬃcients
Dxx , Dxy and Dyy have been discussed in the previous sections. In the following we discuss the
morphological phase diagram predicted by Eq.
(89) and shown in Fig. 22. The diﬀerent regimes
have the following characteristics:
Region I: The surface tensions mx and my are
negative, while Dxx and Dyy are positive and kx , ky
are both negative. This regime has been previously
described in Subsection 6.2.1 (Regime I in Fig. 21),
the only diﬀerence being that here the ion-induced
eﬀective surface smoothing plays the role of K. The
boundary of this region is given by Dxx ðar ; hÞ ¼ 0,
Eq. (78).
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agram of Fig. 21, except for the negative value of
the Dxx coeﬃcient.
6.2.4. Low temperature morphology: asymmetric
case
In this section we discuss the eﬀect of asymmetry on the long distance properties of Eq. (89).
The eﬀect of the asymmetry on the coeﬃcients,
appearing in the equation, were discussed earlier. Therefore we concentrate here merely on the
morphological phase diagram predicted by Eq.
(89) for the asymmetric case, which is displayed
in Fig. 23. As before, asymmetry (s 6¼ 1) leads to
a smooth shift of the boundaries of the regions provided by the lines where the coeﬃcients
Dxx ðar ; hÞ, mx ðar ; hÞ and kx ðar ; hÞ change sign. In the
presence of eﬀective smoothing, however, asymmetry in the deposited energy distribution induces
the appearance of a ﬁfth morphological regime.

Fig. 22. Nonlinear phase diagram for the isotropic case
r ¼ l ¼ 1 at low temperatures. Region I: mx < 0, my < 0, Dxx >
0, Dyy > 0 and kx < 0, ky < 0; Region IIa: mx < 0, my < 0, Dxx <
0, Dyy > 0 and kx < 0, ky < 0; Region IIb: mx < 0, my < 0,
Dxx < 0, Dyy > 0 and kx > 0, ky < 0; Region III: mx > 0, my < 0,
Dxx < 0, Dyy > 0 and kx > 0, ky < 0.

Region IIa: Here mx , my , kx and ky are still negative, Dyy is positive, while Dxx < 0. Consequently,
along the x direction the surface is unstable, all
modes growing exponentially. However, the nonlinear terms kx and ky have the same sign. The
nonlinear regime in this parameter region has not
yet been explored numerically, thus its morphology is unknown. The boundary of this region is
given by kx ðar ; hÞ ¼ 0, Eq. (88).
Region IIb: In this region Dxx is negative, Dyy is
positive, mx < 0, my < 0 and kx > 0, ky < 0. Thus,
the only diﬀerence of this region, with respect to
Region IIa, is that the nonlinear terms have different signs. Similarly to Region IIa, nothing
is known about the nonlinear behavior. The
boundary of this region is given by mx ðar ; hÞ ¼ 0,
Eq. (79).
Region III: Here we have mx > 0, my < 0,
Dxx < 0, Dyy > 0, kx > 0 and ky < 0. This region
has similar features to Region III in the phase di-

Fig. 23. Nonlinear phase diagram for the anisotropic case with
s ¼ 2 and ar ¼ 2. Diﬀerent regions in the diagram correspond
to: Region I: mx < 0, my < 0, Dxx > 0, Dyy > 0 and kx < 0, ky <
0; Region IIa: mx < 0, my < 0, Dxx < 0, Dyy > 0 and kx < 0,
ky < 0; Region IIb: mx < 0, my < 0, Dxx < 0, Dyy > 0 and kx >
0, ky < 0; Region IIc: mx < 0, my < 0, Dxx > 0, Dyy > 0 and
kx > 0, ky < 0; Region III: mx > 0, my < 0, Dxx < 0, Dyy > 0 and
kx > 0, ky < 0.
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This is caused by the smooth motion of the
boundary determined by kx ðar ; hÞ ¼ 0, which intersects for some value of s the boundary deﬁned
by Dxx ðar ; hÞ ¼ 0. Comparison of Figs. 22 and 23
illustrates how the boundaries move with s. Regions I, IIa, IIb and III are analogous of those
shown in Fig. 22. Region II in the phase diagram,
on the other hand, is analogous of Region II of the
high temperature phase diagram, shown in Fig. 21,
and all the conclusions obtained in that section
regarding the morphological properties in this regime also apply here.

with
a ﬃ factor m2 =4K and the amplitude h with
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m=2K , the diﬀerent curves representing the amplitude as a function of time collapse onto a single
one. This result is in excellent agreement with
our prediction that suggest that plotting the result
in terms
of the rescaled parameters, t=tc and
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
h m=2K , the diﬀerent curves should collapse [100].
They also oﬀer direct proof that the nonlinear
terms play a major role in determining the amplitude of the ripples, indicating that the incorporation of the nonlinear mechanisms in the theory of
ripple formation is essential.

7. Comparison with experiments

7.2. Temperature dependence of the ripple wavelength

In this section we compare the predictions of
the theory, presented in this paper with experimental results on ripple formation and surface
roughening. For a better presentation, we choose
to structure the material around well known features of the morphological evolution, present the
theoretical predictions and discuss to which extent
are they supported by the available experimental
data. We also discuss predictions that have not
been tested in suﬃcient detail but could oﬀer future tests of the theory.
7.1. Ripple amplitude
A key quantity in ripple formation is the time
evolution of the ripple amplitude. As we have
shown in Subsection 6.1.1, at early times (t 6 tc )
the ripple amplitude grows exponentially, following h expðrðqx ; qy ÞtÞ, where r is the growth rate
of the most unstable mode ðqx ,qy Þ. According to
the linear theory, this growth continues indeﬁnitely. In contrast, the nonlinear theory predicts
that the amplitude should stabilize after time tc ,
where tc is given by Eq. (87). This is consistent with
the experimental investigations [18,20]. On the
other hand, recently Erlebacher et al. [19] also
found that at initial stages the ripple morphology
is growing exponentially. Furthermore, they observed that at some time tc the exponential growth
stops and the ripple amplitude saturates. Measuring the temperature dependence of the saturation curves, they found that rescaling the time t

A key quantity that provides direct information
about the nature of the relaxation mechanism is
the temperature dependence of the ripple wavelength. Our results indicate that there are two
mechanisms contributing to surface relaxation:
thermally induced surface diﬀusion (Subsections
6.1.1 and 6.1.2) and ion-induced smoothing (Subsections 6.1.3 and 6.1.4). At high temperatures,
thermal surface diﬀusion is rather intensive, thus it
is the main mechanism determining the relaxation
process, the ripple wavelength being given by Eq.
(65) or Eq. (67). Since the surface diﬀusion constant K decreases with T as ð1=T Þ expðDE=kB T Þ,
the ripple wavelength is also expected to decrease
exponentially with T. Indeed, such an exponential
temperature dependence of ‘ has been observed by
various groups [12,13]. However, in Subsection
6.1.3 we demonstrated the existence of ion induced
smoothing, that is present at any temperature.
Thus, up to some inessential numerical factors, the
total surface diﬀusion constants have a form
DT ¼ K þ D, where D is independent of temperature. Since K decreases exponentially with T, at
low enough temperatures we have K
D, indicating that the main relaxation mechanism is ioninduced. Consequently, below a certain critical
temperature Tc , given by KðTc Þ ¼ D, one expects
the ripple wavelength to be independent of T.
Support for this scenario has been provided by the
experiments in [12] and [13] and the molecular
dynamics simulations of Koponen et al. [90].
Consequently, as the theoretical results in this
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paper indicate, the temperature dependence of ‘
can be used to identify the relaxation mechanism: when ‘ increases exponentially with T, we
are dealing with relaxation by thermal surface
diﬀusion, while a temperature independent wavelength is an indication of ion induced smoothing.
7.3. Ripple orientation
An important feature of ripple formation is
that, as the linear theory predicts, the ripple orientation depends on the angle of incidence h. The
dependence of the ripple orientation on the experimental parameters has been summarized in the
phase diagrams shown in Figs. 12, 15, 16, 21–23.
In general, for physical values of the asymmetry
parameter (i.e. for s > 1), we ﬁnd that for small
angles the ripples are oriented in the x direction (along the incoming ions), and they change
orientation to the y direction for large h. The
boundary separating these two morphological regions depends on the parameters characterizing
the sputtering process, such as the ion energy deposition depth and the geometry of the deposited
energy distribution. Such transition in the ripple
orientation has been found in the simulations of
[88], where for h 6 45 the observed ripples were
oriented along the x direction, while for h P 45,
they changed their orientation to y. Furthermore,
the nonlinear theory predicts that, after the nonlinear terms take over, new ripples, with orientation diﬀerent from both x and y directions, might
appear (see Subsection 6.2.1). To the best of our
knowledge, such rotated ripples have not been
observed experimentally as yet. Nevertheless, this
morphology might also lead to additional eﬀects,
such as shadowing, which have been neglected in
our approach.
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wavelength to be independent of ﬂux (see Subsection 6.1.3). Consequently, due to its strong dependence on the relaxation mechanism, the ﬂux
dependence of the ripple wavelength can also be
used to identify the relaxation mechanism. Indeed,
a number of experiments [13,18] are compatible
with the prediction of a ﬂux independent wavelength. Other aspects of ripple characteristics (such
as energy or temperature dependence) also lead to
the same conclusion. However, support for the
relevance of thermal surface diﬀusion comes from
the experiments of [19], wherein the ‘ J 1=2 behavior has been reported, and those of Mayer et al.
[16], who reported that the growth rate rðqx ; qy Þ as
a function of ﬂux follows the predictions of the
linear theory with thermal surface diﬀusion.
7.5. Ripple wavelength dependence on the ion energy
The linear theory indicates that the ion energy
dependence of the ripple wavelength can be used
to distinguish between the two relaxation mechanisms: at high temperatures, we expect ‘ 1=2
(see Eq. (70)), i.e. the wavelength decreases with
the energy, while at low temperature we have ‘
2m  (see Eq. (70)), i.e. the wavelength should
increase with energy, strikingly diﬀerent predictions. A number of experimental groups have
found that the ripple wavelength increases linearly
with the ion energy [7,9,18]. However, while we are
not aware of any direct observation of a decreasing
ripple wavelength with increasing ion energy, the
growth rate dependence on the ion energy measured by Chason et al. [17] provided results which
are in agreement with the predictions based on
thermal surface diﬀusion.
7.6. The magnitude of the eﬀective surface diﬀusion
constant

7.4. Ripple wavelength dependence on the ﬂux
Depending on the nature of the relaxation
mechanism, the linear theory has two diﬀerent
predictions on the ﬂux dependence of the ripple
wavelength: for high temperatures, when thermal
surface diﬀusion dominates, one expects ‘ J 1=2
(see Eq. (71)), while at low temperatures, characterized by ion induced smoothing, we expect the

Since the transition between the low and high
temperature regimes is determined by the relative
magnitude of Dxx , Dxy , Dyy (ion induced smoothing), and K (thermal surface diﬀusion), we need to
estimate the magnitude of these constants. In the
following we give an order of magnitude estimate
for the eﬀective surface diﬀusion constant Dxx and
compare it to K, using data from [18,19] for
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Si(0 0 1). Taking Y ¼ 2:6, J ¼ 670 lA/cm2 ,  ¼ 9
, ar ¼ 2, al ¼ 4 and h ¼ 40, Eq.
keV, a ¼ 100 A
(51) gives Dxx ’ 12  1028 cm4 /s. For comparison,
at T ¼ 550 C, it is estimated [19] that K ’ 34 
1028 cm4 /s. Hence, since K decreases exponentially with temperature, ion induced smoothing
can be signiﬁcant at low temperatures (including
room temperature), in some cases being comparable or more relevant than thermal surface diﬀusion.
7.7. Kinetic roughening
An important feature of our theory is that it
goes beyond the linear approach, handling systematically the nonlinear eﬀects as well. As we
demonstrated in Section 6.2, the presence of the
nonlinear terms can aﬀect both the dynamics and
the morphology of the surface. The ﬁrst and the
most dramatic consequence is the stabilization of
the ripple amplitude, discussed above. Furthermore, after the stabilization of the ripple amplitude, the surface morphology is rather diﬀerent
from the morphology predicted by the linear theory. In particular, depending on the signs of kx and
ky , diﬀerent morphological features can develop.
When kx  ky is positive, at large times the surface
undergoes kinetic roughening, following the predictions of the KPZ equation. This behavior has,
indeed, been observed experimentally [28,29] and
numerically [91], providing direct support for the
predictions of the nonlinear theory. When kx  ky is
negative, direct numerical integration of the nonlinear theory [65,100] indicated the existence of a
new, rotated ripple structure. The absence of experimental data on this phase might be due to the
required large sputtering times: the simulations
indicate [100] that between the linear regime and
the formation of the rotated ripple structure there
is a rather long transient regime with an apparently rough surface morphology. The above predictions apply when the surface diﬀusion terms,
ion or thermally induced, act to smooth the surface (i.e. DT P 0). However, at low temperatures,
when ion induced smoothing dominates, surface
diﬀusion can generate an instability that can further modify this behavior (see Subsection 6.2.3). In
general, while rather detailed experimental data

are available describing the linear regime of ion
sputtering, explanation of the nonlinear regime is
only at its beginning, hiding the possibility of new
interesting phases and behaviors.

8. Conclusions
In this paper we investigated the morphological
properties of surfaces eroded by ion bombardment. Starting from the expression for the erosion
velocity derived in the framework of SigmundÕs
theory of sputtering of amorphous targets, we
derived a stochastic partial diﬀerential equation
for the surface height, which involves up to fourth
order derivatives of the height, and incorporates
surface diﬀusion and the ﬂuctuations arising in the
erosion process due to the inhomogeneities in the
ion ﬂux. In some special cases the derived nonlinear theory reduces to the much studied KS or
the KPZ equations, well known descriptions of
dynamically evolving surfaces. However, in contrast with these theories, which have been derived
using symmetry and conservation considerations
[37], here we derived the continuum theory directly
from a microscopic model of sputtering, and thus
all coeﬃcients can be explicitly expressed in terms
of the physical parameters (such as angle of
incidence, ion energy deposition depth, etc.) characterizing the ion bombardment process. An
important feature of the derived nonlinear continuum theory is that the linear and the nonlinear
regimes are separated in time. As a result, they can
be discussed separately, the former controlling the
behavior at early times, the latter at late times.
Furthermore, an important result of our calculations is that higher order eﬀects of the sputtering
process can smooth the surface. This eﬀective
mechanism was necessary to explain ripple formation at low temperatures, when thermally induced
surface diﬀusion is not relevant. Consequently,
based on these two ingredients (separation of
time scales between linear and the nonlinear regimes and the existence of two diﬀerent relaxation mechanisms) we have discussed four diﬀerent
cases. In the linear high temperature regime the
equations are reduced to the linear theory of BH,
predicting ripple formation, and explaining such
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experimentally observed phenomenon as ripple
orientation (and its change with ar and h), exponential increase in ripple amplitude (valid for short
times), or ﬂux and energy dependence of the ripple
wavelength. On the other hand, phenomena not
explained by this approach, such as the stabilization of the ripple amplitude, can be explained by
considering the nonlinear terms as well. We also
show that, depending on the sign of the coeﬃcients
of the nonlinear terms, the late time morphology
of the surface is either rough, or dominated by new
rotated ripples. The rough phase is expected to be
described by the KPZ equation, which has its own
signiﬁcance: while the introduction of the KPZ
equation has catalyzed an explosion in the study of
the morphological properties of growing surfaces,
there are very few actual surfaces that are described by it (and not by one of its oﬀsprings, such
as the MBE or related equations [37]). The sputtering problem provides one of the ﬁrst systems
that is convincingly described by this continuum theory. Many of the previous mysteries of
low temperature ripple formation have also been
solved by the present theory. By deriving the
higher order ion-induced ES terms, we can explain the existence of ripples at temperatures
where thermally induced surface diﬀusion is not
active. We showed that the derived ES aﬀects both
the linear and the nonlinear regimes, governing
the early time ripple formation, and the late time
nonlinear behavior. The coexistence of thermal and
ion induced smoothing can explain the stabilization of the ripple wavelength at low temperatures,
in contrast with its exponential T dependence at
higher temperatures. On the other hand, our theory has limitations, most of which can be already
identiﬁed in SigmundÕs and BHÕs theories, with
which it is related. Namely, it is devised for
amorphous substrates, whereupon it neglects effects such as viscous relaxation, 2 which might
be the cause for the failure of the theory to predict
the inexistence in many experiments of ripples
at low (but nonzero) angles of incidence. This
issue should constitute one of the most important extensions of our present theory. Perhaps related with this, we have seen that there exist
parameter regions at low temperatures within
which our theory breaks down, due to the unstable
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higher order derivative terms that occur. A relevant issue is thus to determine the correct continuum description of the surface under these
conditions.
Most of the predictions oﬀered by the presented
continuum theory have been already veriﬁed experimentally. However, many unexplained predictions remain at low temperatures both in the
linear and the nonlinear regimes, as well as regarding the nonlinear regime at high temperatures.
We hope that the derivations oﬀered in this paper
will guide such future experimental work. Furthermore, some of the morphologies expected in
the nonlinear regime need further theoretical understanding as well, allowing for the continuation
of this inquiry. With the dramatic advances in
computer speed, the understanding of some of
these questions, either through numerical integration of the continuum theory or through discrete
models, might be not too far.
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Appendix A
The algebraic relation between the coordinates
of the laboratory frame and the local frame, depicted in Fig. 3, follows from the deﬁnitions given
in point (i) of Section 5. Accordingly, the unit
b axis is the normal at point O
vector along the Z
y h; 1Þ
b  n^ ¼ ðox h;po
Z
;
ﬃﬃﬃ
g
2

ðA:1Þ
2

^ drawn
where g  1 þ ðox hÞ þ ðoy hÞ . The vector m
on Fig. 3 has components
^ ¼ ðsin h; 0; cos hÞ:
m

ðA:2Þ
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Therefore, the unit vector along the Yb axis reads
^
1
n^  m
¼ pﬃﬃﬃ
Yb 
ððoy hÞ cos h; sin h
^j
j^
nm
g sin u
þ ðox hÞ cos h; ðoy hÞ sin hÞ

ðA:3Þ

and ﬁnally (A.1) and (A.3) yield for the unit vector
b axis,
along the X
b ¼ Yb  Z
b ¼ 1 ðsin h þ ðox hÞ cos h
X
g sin u

Evaluating the Gaussian integrals in this formula we obtain Eq. (32), where the coeﬃcients
Cnm ðuÞ are given by


2A
B2
A2
C20 ðuÞ ¼ 
sin u þ
1þ
cos u
B1
B1
B1


2AC
A2
þ 2 3þ
cos u;
B1
B1

þ ðoy hÞ2 sin h; ðoy hÞ cos h
C02 ðuÞ ¼ 2

 ðox hÞðoy hÞ sin h; ðox hÞ sin h
2

2

þ ððox hÞ þ ðoy hÞ Þ cos hÞ:

l2
B2 AC
cos u
;
þ
B1
a2
2

ðA:4Þ

The matrix M deﬁned in Eq. (36) and which relates the coordinates in the local and laboratory
frames reads
0 sþco hþsðo hÞ2
1
co h
y
y
pﬃﬃ
 ry
 opxﬃﬃgh
gr
B coy hsox hoy h
o hC
sþcox h
pﬃﬃ
 py ﬃﬃg C
ðA:5Þ
M¼B
gr
r
@
A;
sox hcððox hÞ2 þðoy hÞ2 Þ
soy h
1
pﬃﬃ
 pﬃﬃg
gr
r

C30 ðuÞ ¼ sin u

1 A2
þ
B1 B21

 2C cos u

C12 ðuÞ ¼ 2

l2
a2

where s ¼ sin h, c ¼ cos h, and r  ððs þ cox hÞ2 þ
ðoy hÞ2 Þ1=2 .

sin u  B2 cos u

If we perform a small Dnm expansion in Eq. (30)
we obtain
VO ¼

pJa2
3=2

rlð2pÞ
Z 1 Z

1

1

dfX dfY expðfY L2 Þ
1

1
 expðfX A  f2X B1 Þ
2
 ½cos uð1 þ B2 D20 f2X þ B2 D02 f2Y
þ B2 D30 f3X þ B2 D12 fX f2Y þ B2 D22 f2X f2Y
þ B2 D40 f4X þ B2 D04 f4Y  2CD20 f3X
 2CD02 f2Y fX  2CD30 f4X  2CD12 f2X f2Y




2CD40 f5X

þ sin uð2D20 fX þ
þ

2D22 fX f2Y

þ

3D30 f2X

4D40 f3X Þ:

4 sin u


;

3A A3
 3
B21
B1

þ B2 cos u

3 6A2 A4
þ 3 þ 4
B21
B1
B1


15A 10A3 A5
þ 2C cos u
þ 4 þ 5
;
B1
B1
B31

l2
A
1 A2
C22 ðuÞ ¼ 2 2  2 sin u þ B2 cos u
þ
B1
B1 B21
a

3A A3
þ 2C cos u
þ
;
B21 B31


l4
A
C04 ðuÞ ¼ 3 4 B2 cos u þ 2C cos u
:
B1
a

expða2r =2Þ

2CD22 f3X f2Y

A
B1

1 A2
 2C cos u
þ
B1 B21
C40 ðuÞ ¼

3A A3
þ
B21 B31

3 6A2 A4
þ 3 þ 4 ;
B21
B1
B1
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 B2 cos u

ðB:2Þ



2CD04 fX f4Y Þ

þ

D12 f2Y
ðB:1Þ

Taking into account Eqs. (33a) and (33b) relating
the local (u) and the global (h) angles of incidence
through the surface slopes ox h, oy h, a small slope
approximation leads to
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(
e

A2 =2B1

’e

a4r s2 =2f

þ

1=2

B1

a2l
f2

a4
1þ r
2f

ðox hÞ

2

"

a2l
a2l
2
sðox hÞ þ c2 ðoy hÞ
f
f

a2l c2 ð1 þ 2s2 Þ  a2r s2 ð1 þ 2c2 Þ

!#)
a4r a2l 2 2
sc
þ
;
f
(
a2r  a2l
1
scðox hÞ
’ pﬃﬃﬃ 1 
f
f
þ

a2r  a2l
2
ðox hÞ ða2r s2 ð1 þ c2 Þ
2f 2



a2l c2 ð1

C02 ðhÞ ¼
ð0Þ
C20 ðhÞ

¼

a2r
2f 3

(

þ
þ

)
a2r  a2l 2
2
c ðoy hÞ :
þ s ÞÞ 
2f
2

ð1Þ
C20 ðhÞ

a2 sc
¼ r4
f

^ ¼ ð0; 0; 1Þ:
m

1
cos u ¼ pﬃﬃﬃ ;
g
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
ðox hÞ þ ðoy hÞ
;
sin u ¼
g

1
2
2
cos u ’ 1  ððox hÞ þ ðoy hÞ Þ;
2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
sin u ’ ðox hÞ þ ðoy hÞ :

 2a6r s4 c2 þ 2a4r s4 ðs2  2c2 Þ

þ a4r a2l s2 c2 ðs2  c2 Þ þ a2r a2l s2 c2 ð7s2  5c2 Þ
)
þ

ðox h; oy h; 1Þ
;
pﬃﬃﬃ
g

ðC:1Þ

ðC:2Þ

which are the h ! 0 limit of Eqs. (33a) and (33b).
The small gradient expansion performed on Eq.
(C.2) now gives

ð1Þ
C20 ðhÞðox hÞ;
ð1Þ
C02 ðhÞðox hÞ;

a4l c4 ð5s2

Eqs. (34a) and (34b) relating the incidence angle
as measured in the local and laboratory reference
frames apply only in the oﬀ-normal incidence case
(h 6¼ 0). In the following we derive the correct expressions for the normal incidence case (h ¼ 0).
^ shown in Fig.
Indeed, if h ¼ 0, the vectors n^ and m
3 are given by

Proceeding now as in (33a) and (33b), we obtain

Also, we have
C20 ðhÞ ¼

Appendix C

n^ ¼

ðB:3Þ

ð0Þ
C20 ðhÞ
ð0Þ
C02 ðhÞ
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2

c Þ ;

(

ðC:3Þ

Using Eq. (C.3) in the expansions leading to Eq.
(40), it can be seen that the expressions obtained
for the coeﬃcients indeed are the h ! 0 limit of
Eqs. (41)–(55).

 2a6r s4  a6l c4 þ a6r a2l ðs2 þ s2 c2 Þ

 a4r a4l ðc2 þ c2 s2 Þ þ a4r a2l ð5s2  3s2 c2 Þ
)
þ 4a2r a4l c2 ;
c2 a2r
;
2f
a4 cs
ð1Þ
C02 ðhÞ ¼ r 2 :
f
ð0Þ

C02 ðhÞ ¼ 

ðB:4Þ
In the above expressions we used the notations
a
a
ar  ; al  ; s  sin h;
r
l
c  cos h; f  a2r s2 þ a2l c2 :

ðB:5Þ

Appendix D
The solution corresponding to a rotated ripple
structure follows from Eq. (83). Indeed, in the
absence of the nx and ny terms, if we consider a
solution of (83) of the form hðx; y; tÞ ¼ gðx  vy; tÞ
with v an arbitrary constant, the surface morphology evolution equation takes the form
ot g ¼ v0 þ col g þ ðmx þ v2 my Þo2l g
1
þ ðkx þ v2 ky Þðol gÞ2 þ ðX1 þ v2 X2 Þo3l g
2
2
 Kð1 þ v2 Þ o4l g;
ðD:1Þ
where gðlÞ ¼ gðx  vyÞ is the steady wave solution
[104]. From (D.1) it follows that the nonlinearity
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vanishes when kx þ v2 ky ¼ 0, or v ¼ kx =ky . In
this case we obtain an exponentially growing
ripple structure with
ripplesﬃ forming an angle hc ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tan1 ðvÞ ¼ tan1 ð kx =ky Þ with respect to the x
axis.
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