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The surface stress distribution in an ordered quantum dot superlattice is investigated using classical molecular dynamics simulations. We find that the surface stress field induced by various numbers 共from 1 to 9兲 of Ge
islands embedded in a Si共001兲 substrate is in good agreement with analytical expressions based on pointlike
embedded force dipoles, explaining the tendency of layered arrays to form vertically aligned columns. The
short-ranged nature of this stress field implies that only the uppermost layers affect the surface growth and that
their influence decreases rapidly with layer depth. 关S0163-1829共99兲52028-6兴

Self-assembled quantum dots are promising candidates
for many optoelectronic applications. However, for some advanced devices 共e.g., quantum dot lasers兲 larger island density is also of great importance. One way to achieve this is by
depositing multiple layers of quantum dots. In the growth of
these quantum dot superlattices, the first layer of dots grown
on top of a wetting film is covered by a thin capping layer
that ensures a relatively flat terrain to nucleate and grow a
second layer of islands. After this second layer is formed on
top of a second wetting film 共which forms spontaneously in
the growth process兲, a new capping layer is deposited. This
process may be repeated several times, finally resulting in a
multilayer dot configuration referred to as a quantum dot
superlattice 共QDSL兲. While there is no 共horizontal兲 spatial
ordering in the first island layer, the islands in the second
layer prefer to nucleate above the islands of the first layer.
This vertical self-ordering tendency increases as more layers
are deposited, leading to vertically aligned columns of islands.
A number of experiments have investigated this process
of vertical self-ordering. Most of these have been performed
on InAs islands grown on a GaAs substrate 共see, e.g., Ref.
1兲, but other systems have been investigated as well.2 More
complicated structures have also been fabricated where the
dots do not align vertically, but instead follow an fcc-crystallike stacking sequence with a tunable dot-lattice period.3
These experiments demonstrated that the quality of alignment depends strongly on the capping layer thickness, with
thinner capping layers yielding better vertical correlation.1 It
is also observed that in some cases the average island size4
and size uniformity5 increase with the layer number.
In spite of the great experimental interest, there have only
been a few theoretical studies of vertical ordering. One analytic approach6 invokes pointlike embedded islands to calculate the stress field on the surface, which determines the preferred nucleation sites for the next island layer. This simple
model accounts both for the vertical alignment and for the
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increased size uniformity. This and subsequent models7 have
demonstrated the important role the stress field of the buried
islands play in the vertical self-ordering process. Consequently, in order to properly model and understand the formation of QDSLs, we have to be able to properly model the
stress field of the buried islands. Most models have relied on
continuum elasticity, but there is little information on how
well these solutions describe the stress field observed in the
crystals formed of discrete atoms. Our goal here is to address
this question using molecular dynamics 共MD兲 techniques to
investigate how the surface stress is influenced by adding
multiple layers of stacked island structures. Due to recent
advances in the use of massively parallel computers in largescale simulation of many million atoms8–10 we are now able
to model systems with dimensions comparable to experimental ones, and also to take into account symmetry effects of
the diamond lattice that were not included in the analytic
approach6 or in the finite-element calculation.1 In order to
see how well stacked quantum dot systems can be approximated by a system of pointlike dots, we compare our MD
results to the analytic solution for the stress distribution of
point-like dot systems. We demonstrate that by choosing appropriately the parameters in the force-dipole approximation,
these analytic solutions can offer an excellent fit to the stress
fields measured in the MD simulations.
We use the three-dimensional 共3D兲 MD code, SPaSM
共scalable parallel short range molecular dynamics兲,11,12 designed for very large scale simulations on a variety of parallel computing platforms. Subsequent improvements of
SPaSM, including the use of a scripting language, allow one
to visualize, filter, and analyze the huge amount of data produced from a simulation of millions of atoms,13 perhaps the
most challenging problem encountered in large-scale computer simulations.
From the wide range of experimentally studied heteroepitaxial systems in which vertical ordering was observed we
choose Ge/Si 共Ref. 14兲 for our investigations. We model
R2150
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FIG. 1. Schematic of the system geometry used in the MD simulation.

pure Ge islands capped by Si layers on a Si共001兲 substrate.
The geometry of the system is shown in Fig. 1. Pyramidal
islands are placed on top of each other, separated by a Si
capping layer and a 4-monolayer-thick Ge wetting film. Initially we place all Ge atoms on Si lattice sites, thus starting
out with Ge islands compressed by ⬃4% to match the Si
lattice constant. In both directions 共x,y兲 parallel to the surface
we apply periodic boundary conditions, while we use free
boundary conditions in the 共z兲 direction perpendicular to the
surface. We therefore are describing a periodic array of vertically aligned quantum dot columns.
We use the empirical Stillinger-Weber potentials for Si
共Ref. 15兲 and Ge,16 which include three-body 共bond angle兲
terms in addition to the usual pairwise interactions. While
the Stillinger-Weber potential has known difficulties in describing particular surface reconstructions such as the
Si(111)(7⫻7) surface,17,18 it is reasonably accurate for the
共001兲 surface19 and should be particularly reliable for the
coherently strained structures close to equilibrium which are
considered here. The system is elastically relaxed using a
kinetic annealing algorithm in which the velocities of all
atoms are set to zero whenever the total kinetic energy of the
system reaches a maximum.20 The total potential energy of
the system is monitored to determine when this relaxation
has converged. This typically takes between two thousand
and ten thousand timesteps, corresponding to a few picoseconds of simulation time.
Systems with 1, 2, 3, 6, and 9 dot layers were simulated.
Each Ge island has a height of h⫽2.8 nm and a diameter of
d⫽11.2 nm, corresponding to approximately 5000 atoms per
island. The horizontal edge-to-edge spacing between islands
was L⫽22.4 nm, and the vertical spacing between the island
layers was H⫽4.5 nm, including a w⫽4 monolayer 共5.6 Å兲
Ge wetting film thickness. The underlying Si substrate was
S⫽17 nm thick in all simulations, and the largest simulated
system 共9 dot layers兲 included a total of three million atoms.
To calculate the local stress tensor at each atomic site, we
use a formulation similar to that derived by Hardy.21 Since
we are considering an equilibrium structure, the kinetic contribution is zero and may be ignored. For pairwise interactions, the stress tensor elements are computed as
S ␣␤
i ⫽⫺

1
2V i

兺j F ␣i j r ␤i j ,

共1兲
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FIG. 2. Contour plot of the surface stress field  for a single
embedded quantum dot layer. Contours are evenly spaced every
109 erg/cm3, from 21⫻109 erg/cm3 to 30⫻109 erg/cm3.

where Fi j is the force on atom i due to atom j, ri j is the
internuclear vector, and ␣ , ␤ ⫽x,y,z label the Cartesian components. The three-body forces may be similarly included,
since each three-body term consists of a pair of interactions
between a central vertex atom i and the neighboring atoms j
and k. Since Hardy’s original formulation is based on a
course-grained rather than an atomistic resolution of stresses,
we are forced to introduce a necessarily arbitrary definition
of the ‘‘atomic volume’’ V i . We take this to be the volume
of a sphere with radius equal to the distance to the nearest
neighboring atom. This distance varies by less than half of
one percent over the surface, so the resulting stress tensor is
qualitatively unaffected by the definition chosen for V i . We
found in all cases that the off-diagonal components of the
surface stress tensor 共 i j , i⫽ j兲 and vertical component  zz
were negligible. An example of the surface stress distribution
is shown in Fig. 2 as a contour plot of  ⫽  xx ⫹  y y on the
surface for a single-layer system.
To investigate the stress contribution of the consecutive
dot layers, Fig. 3 shows  along the 共110兲 关Fig. 3共a兲兴 and the
(11̄0) 关Fig. 3共b兲兴 directions for various numbers of dot layers. It can be seen in each plot that a prominent minimum
occurs directly above the existing vertical column of dots.
However, while in the 共110兲 direction there is a local maximum on each side of the minimum, in the (11̄0) direction no
local maximum exists. This difference can be understood by
recalling that for the diamond lattice the 共110兲 and the (11̄0)
directions are not equivalent, a symmetry effect not accounted for in previous theoretical work.1,6 Another, more
direct, demonstration that the preferential site for subsequent
deposition is directly above existing dots is obtained by moving a ‘‘probe’’ Ge atom across the surface, adjusting its
height at each point to minimize the total energy 共while
keeping the rest of the system frozen兲. This procedure leads
to a surface energy profile which is qualitatively indistinguishable from the stress profiles in Figs. 2 and 3, including
the local maxima seen along the 共110兲 direction in Fig. 3共a兲.
Since the stress curves nearly coincide for the 3, 6, and 9
dot layer cases, we conclude that the fourth or higher layers
below the surface do not significantly influence the surface
stresses. It also implies that the stress field of the individual
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FIG. 3. Surface stress  along the 共110兲 and
(11̄0) directions for 1, 2, 3, and 6 quantum dot
layers.

dots decays rapidly, in particular a comparison of the different curves implies an approximate r ⫺3 decay. This fast decay also accounts for the result that the elastic stress distribution on the surface is almost the same for the one, two, and
three dot layer systems, a result which has an important consequence on island nucleation. Namely, the preferred nucleation sites will lie directly above centers of the uppermost
capped dots, provided that the vertical separation between
consecutive island layers is small. As this vertical separation
between dot layers is increased, the fast decay of the dotinduced stress field means that the stress minima on the surface will become less pronounced, so that islands may begin
to nucleate elsewhere, and not necessarily above the underlying 共deeply embedded兲 dots.
The nucleation properties of the dots are primarily governed by the elastic stress distribution on the surface, so that
in addition to the accurate results obtained by our MD simulations, it is also of great importance to determine how well
the stress fields can be approximated by simple analytic
models. Using linear elasticity theory, Ref. 6 considered
pointlike islands, or equivalently force dipoles, to model the
stress distribution in two dimensions. In the following, we
try to approximate the surface stress field of a single embedded quantum dot layer by that of a corresponding force dipole layer.
fd
⫹  yf dy 兴 on the surface
The stress field 关  f d (x,y,L)⫽  xx
induced by a force-dipole buried at x⫽0, y⫽0, z⫽⫺z 0 in
three dimensions is given by22
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 f d 共 x⫺iL,y⫺ jL,z 0 兲 ⫹  tot
. 共3兲

0
accounts for the homogeneous misfit stress
The term  tot
present in the compressed Ge surface layer.
fd
(x,x) to
Since  f d is radially symmetric, we compare  tot
our MD stresses averaged for the 共110兲 and (11̄0) directions, i.e., we try to find the best agreement between
fd
 tot
(x,x) and
MD
MD
MD
 tot
共 x,x 兲 ⫽1/2兵  xx
共 x,x 兲 ⫹  xx
共 x,⫺x 兲

⫹  yMyD 共 x,x 兲 ⫹  yMyD 共 x,⫺x 兲 其 .
0
, P,
Equation 共3兲 contains three unknown parameters:  tot
0
9
3
and z 0 . We require that  tot ⫽28.692⫻10 erg/cm , the
value found by a MD simulation for a system with no emfd
and
bedded dots. We also require that the averages of  tot

共2兲

where P is the strength of the dipole, 共x,y兲 denotes the position on the surface, R⫽(x 2 ⫹y 2 ⫹z 20 ) 1/2, and  ⫽0.218 is
Poisson’s ratio for the Si embedding matrix.
To calculate the stress field distribution on the surface we
have to sum up the contribution of Eq. 共2兲 over all the buried
force-dipoles that form a two dimensional square lattice with
lattice constant L, i.e.,

MD
FIG. 4. Comparison between the MD surface stress 共 tot
, solid
fd
line兲 and the force dipole approximation 共 tot , dashed line兲 for a
single embedded quantum dot layer.
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MD
 tot
are equal, providing a relationship between P and z 0 .
Consequently, we are left with a single adjustable parameter
fd
MD
z 0 which is varied to fit  tot
to the ‘‘experimental’’  tot
curve. The best fit 共shown in Fig. 4兲 was obtained for z 0
⫽1.2H⫽5.4 nm and P⫽1.772⫻10⫺10 erg. It is not surprising that z 0 ⬎H for the optimal fit, since the embedded dots
are extended objects that stretch the stress field in both horizontal directions. The fit is quite good, considering that the
diamond lattice-induced anisotropy is beyond the scope of
this simple force-dipole model.
In summary, by making use of large-scale MD techniques
we have determined the stress distribution on the surface for
a Ge/Si quantum dot superlattice. Our results demonstrate
that the stress is minimal directly above the uppermost buried dot, decaying rapidly (r ⫺3 ) with the depth of the dot.

This supports the experimental observation that vertical ordering can be dramatically improved by decreasing the capping layer thickness. We also compared the MD stress distribution with the analytic force-dipole solution and found
good agreement. Thus, to model the elastic properties of
these systems and consequently study the nucleation and ordering properties of the dots, it is sufficient to use the continuum elasticity force-dipole approximation.
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