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Ballistic random walker
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We introduce and investigate the scaling properties of a random walker that moves ballistically on a
two-dimensional square lattice. The walker is scattéatnges direction randomlgvery time it reaches a
previously unvisited site, and follows ballistic trajectories between two scattering events. The asymptotic
properties of the density of unvisited sites and the diffusion exponent can be calculated using a mean-field
theory. The obtained predictions are in good agreement with the results of extensive numerical simulations. In
particular, we show that this random walk is subdiffusiM81063-651X96)04007-X

PACS numbsgps): 05.20-y, 05.40+j, 05.50+q

I. INTRODUCTION mean-field theory and the obtained predictions compared to
numerical simulations.
Random motion has been a subject of constant interest in The model is defined on a two-dimensior{aD) square
the history of modern physics. Since critical phenomendattice with sizeL XL (generalization to higher dimensions

made us appreciate the presence of power laws in natur@nd other geometries is straightforwarét time t=0, each

random walks became a paradigm of various models involy/2ttice site is occupied with a particle of ty@e except for

ing stochastic motion and disordds]. In recent years, much the site at the center of the lattice, where we place a random

attention has been focused imeracting random-walknod- walker (particleB). The walkerB moves ballistically on the

. o surface, following a straight trajectory along tkeor y di-
els that differ from traditional random-walk models, such aSraction. WhenB meets am particle, it desorbs it from the

Brownian motion(BM) [2], in that the walker's motion at a = syrface, leaving behind an empty site. After every desorption
given time depends on its previous trajectory. Examples inevent, the walkeB changes its direction of motion ran-
clude the self-avoiding random-walk modd], which de-  domly, continuing its ballistic motion in any of the four pos-
scribes the statistics of polymer growth, the “true” self- sible directions starting from the newly emptied site. Alter-
avoiding random walk[4], in which the probability of natively, the model described corresponds to the reaction-
stepping to a previously visited site depends on the numbediffusion process of typd+B— B, for which the density of

of times that the site has been visited in the past, the intetthe diffusingB particles is constant (LL7), while the number
acting walk of Stanlet al.[5], and the Domb-Joyce model of A particles decreases monotonically from the initial value,

; 2[9].
[e?]éllzg]a comparative study of these models, see Duxbur§7 The model has two ingredients that make analytical

| der t derstand th i i f d rogress particularly difficult. First, the model is neither de-
n order to understan € scaling properes of randomy ministic nor completely random, and therefore the con-

walks, one usually studies the time dependence of the meaggntional approaches available to study random or determin-
square displacemeriend-to-end distance of the walk after jstjc systems need to be combined somehow. Second, the
t time stepg (R%(t)), and the mean number of distinct sites dynamics is non-Markovian because the distribution of ran-
visited, (S(t)). For BM, these quantities behave asymptoti-dom scatterers/A particle changes with time.
cally as(R?(t))~t and(S(t))~t/Int [8]. We now present numerical calculations and theoretical
Using the critical exponent, defined by(R?(t))~t?”,  arguments to understand the diffusion of partile We
random walks can be classified according to their diffusivecarry out simulations on square lattices of linear sizes up to
behavior. Models for which self-intersections are unfavored-=22528. Each simulation ends when tfie particle
are superdiffusive, withv>1/2. Including self-intersecting reaches the boundary. In Fig(al, we show the surviving
dynamics favors subdiffusive behavior, for whieke 1/2. particles (unvisited sitep after 16" time stepg[10], when
In this paper we introduce and study a model describingiheB particle has not yet reacheYd the bpgndary. We observe
the ballistic motion of a non-Markovian random walker, that, for long enough times - 10°), the visited sites form a
which we call the ballistic random-wall8RW) model. We roughly circular cluster. Moreover, the density of visited

investigate how the ballistic trajectory affects the dynamicss'tes is close to 1 for a large area around the starting point.
Thus, the connected cluster formed of the visited sites is

of the motion, the scaling exponents, and the number of vis- .
ited sites. The scaling exponents are calculated using ompact, in contrast to fractal clusters generated by BM, as
lllustrated in Fig. 1b).

* . . . 1. SUBDIFFUSIVE BEHAVIOR
Present address: Laboratorie de Photophysique dvtdee du

CNRS, Bdiment 213, Universitele Paris-Sud, F-91405 Orsay Ce-  To investigate the scaling properties of the system, we
dex, France. evaluate(R?(t)) for the walkerB. As shown in Fig. 2, we
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FIG. 2. Mean-square displacemefR2(t)), as a function of
time for the ballistic random walker. The short time behavior is
diffusive, [(R?(t))~t, dashed ling followed by a crossover to a
subdiffusive regimef (R?(t))~t%6¢002 continuous ling Aver-
ages over 20 runs were taken.

(b)

visited sites. The asymptotic properties of the model depend
essentially on the topology of this cluster. At this point we
need to make two observations, which form the basis of our
theoretical argumentgl) For large times the cluster of vis-
ited sites is approximately circulaf2) Deviations from cir-
cularity generate only(asymptotically negligible correc-
tions. Next we derive the asymptotic scaling behavior of the
cluster of empty sites based on these two properties.

Let us assume that, at a particular time, a circular cluster
with radiusR and ares&5= wR? has been formed. Whenever
the walker reaches the circular border, Arparticle is de-
sorbed. In the next time step, the walker can eithdbounce
back, inverting its direction and traveling across the cluster
without scattering until it reaches the opposite wéill) be

FIG. 1. The distribution of the visitedwhite) and unvisited ~Scattered in a direction perpendicular to the border normal,
(black sites in a 2252822528 square lattice fof) the ballistic ~ OF (iii ) keep the same direction and move one site deeper in
random walker andb) the standard random walkéBrownian mo-  the region of occupied sites. The time required to generate a
tion), after 18" and 13- time steps, respectively. In both cases, change dS in the circle area obeys[11l] dt/dS
the walker started from the geometrical center of the figure. =a(R)+BR, where B is a proportionality constant

(0<B=1/2). The contributions ta(R) depend on powers

of R smaller than 1 and, therefore, are negligible in the large
find that, for early times, the diffusion follows Einstein’'s law R limit. After integrating dt/dS, we obtain t~R3, or
(v=1/2) [2]. This behavior dominates the scaling up to R?>~t?3, corresponding to subdiffusive behavior with
107 time steps. However, the BRW is asymptotically subdif-v=1/3. This agrees well with the numerical results
fusive: for time scales larger than 19 we observe a cross- »=0.33=0.01[12], shown in Fig. 2. This good coincidence
over to the subdiffusive regimgR?(t))~t0:66-002 supports our starting observation that the walker spends most

In order to understand the crossover behavior, we firsof its time traveling across the empty central region. Conse-
discuss qualitatively the motion of the walker. At the early quently, there is a change in the dynamics of the system,
stages of the diffusion process, the densityAoparticles, corresponding to a crossover from a diffusive regime with
p(L,1), is very close to 1. Accordingly, the probability that »~1/2, in the early stages of the evolution, induced by the
the walkerB hits anA particle (and consequently is scat- Brownian-like motion, to an asymptotic subdiffusive behav-
tered is very high, and therefore its trajectory is very similar ior with »=1/3.
to that of BM. Howeverp(L,t) decreases with time and the
probability that the walker reaches an empty site in its evo- Ill. DENSITY OF SURVIVING PARTICLES
lution increases. Thus, between two scattering events, the
walker has longer and longer distances to go ballistically. We definepg (L) as the final density of unvisited sites,
The set of visited sites is connected, and a closed contour afe., the density oA particles when the walker, starting at the
nondesorbed\ particles defines the border of the cluster of geometrical center at=0, reaches the boundary of the
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1.0 . T . T be seen in Fig. ®). This roughness increases with time, and

:W 000 if this increase is fast enough, it may invalidate our mean-

08| o% %o %0 o 7 field assumption that asymptotically the border is well ap-

o proximated with a smooth circle. To validate our mean-field

- 06| s ] calculation, it is necessary to show that asymptotically the
oak i border width is negligible compared R For this, we study
’ the radial distribution of unvisited sitegg(r,L,t), which is

02| R obtained from radially averaging time snapshots of the 2D

density distribution of unvisited sites, as the one shown in

0.0 = - = " Fig. 4@. Then we compute the partial derivative of

10 10 10 ) 10 10 pr(r,L,t), as a function of the radial coordinate with the

origin at the geometrical centéstarting point. This deriva-
tive is only different from O at the boundary between visited
FIG. 3. Density of unvisited site@urviving A particles for the  and unvisited sites, and has a maximum at the radial distance
ballistic random walker. The dashed line shows the asymptotic derfor which the variation in the density of unvisited sites is the
sity 1— /4 predicted by the mean-field theory las-«. Statistical  |argest. To characterize the size of the interval with nonvan-
averaging in the simulations ranges fron? ¥0ns for the smallest ishing dpr/dr, we calculate the full width at half maximum
lattice sizes to 64 runs for the largest<22528). (FWHM) of this derivative. A relevant quantity for our prob-
lem is the ratio between the FWHM and the distance of the
boundary between visited and unvisited sites to the origin,
LXL square lattice. As shown in Fig. 3, for the BRW, r,(L,t), defined by pg(r,,L,t)=0.5. At a distance
ps(L) exhibits a broad plateau centered lat10?, after  r,(L,t), the radial densities of visited and unvisited sites are
which it decreases. equal, i.e., 0.5. We find that the ratio FWHf\/decreases in
To clarify this behavior, we again have to return to ourtime. Therefore, for long times, the thickness of the bound-
earlier picture, that in the asymptotic regime the borderry becomes negligible in comparison witg, as we as-
forms a circle of radiu®R. However,R increases with time. sumed in the mean-field theory developed above.
In the model, the simulation is stopped, and thuélL) is Note t_hat the region of nonvanishitdgr/Jr corresponds
calculated when the particle first reaches the wall of theo two different sorts of borders: those of small clusters of
square lattice. In the mean-field description described abovélnvisited sites trapped inside the connected cluster of visited

this corresponds to the circle reaching the boundary of thé!tes, and the single border between the cluster of visited
lattice. At this point the circle has a radiug2, and an area sites and the outside 2D bulk of unvisited sites. To determine

wL?/4. Since we assume that all particles inside the Circl{u'me'rically and/or analytically the statistical properties of
were removed, the number of surviving sites is given by his single border would be an interesting task for future

2 2 o . . o work. In particular, it would be worthwhile to investigate if
L°—mL*/4, giving the asymptotic density g& =1— /4. the roughening of the boundary can be described by con-

Hf)\{vever, this limit is approached very slowly b(L);  tinyum theories normally used to describe the roughening of
ps is reached only when the border width is negligible com-yarious interfaces, and to identify the particular universality
pared with the cluster radius. Unfortunately, system sizelass to which it belongEL3].

limitations do not allow us to observe the asymptotic behav-

ior of the density(the largest system size, 225222528, is

already large compared to sizes studied for similar problems V. CONCLUSIONS

in computational physigsHowever, as Fig. 3 indicates, the

density indeed shows a tendency to decrease towards the We .have. introduced af?d investigated a randomjwa_lk
: . * model in which the walker is scattered only when a site is
predicted asymptotic valuey; .

o ) . .. visited by the walker for the first time. Subsequent visits to
It is interesting to compare the observed dynamics W'ﬂ}hese sites have no effect on the walker. As a result, the

tshgsofsf:g de'\gh'g ig.alsn g‘i;?g:lz’ ttzls]e Plj[g]b(;rhgecfiés;temct walker follows straight(ballistic) trajectories between ran-
1es vis| v ymptoticallytas(t) [8]. ' dom changes in its direction. Extensive numerical simula-

t|:\t]e \/d_ensny of ;en;|a|n|ng .pr)]amcles in aTc;]lrcIe Ef frad'ustions on a 2D square lattice have been carried out to show
~\t goes as * y/In(t), with y constant. Thuspy(L) for 4 the motion is subdiffusive. A mean-field theory is devel-

the BM approaches 1 for large. It is remarkable that a 64 that can account for the subdiffusive behavior and for
simple change in the dynamical rule, i.e., that there is only[he asymptotic density of unvisited sites
scattering on thépreviously unvisited sites, changes enor- '

mously the density of visited places for—oe, going from

0 for the BM case to a finite constant for the BRW. Another ACKNOWLEDGMENTS
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